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Abstract
We continue our study of zero-dimensional field theories in which the fields take
values in a strong homotopy Lie algebra. In a first part, we review in detail
how higher Chern-Simons theories arise in the AKSZ-formalism. These theo-
ries form a universal starting point for the construction of L∞-algebra models.
We then show how to describe superconformal field theories and how to per-
form dimensional reductions in this context. In a second part, we demonstrate
that Nambu-Poisson and multisymplectic manifolds are closely related via their
Heisenberg algebras. As a byproduct of our discussion, we find central Lie p-
algebra extensions of so(p + 2). Finally, we study a number of L∞-algebra
models which are physically interesting and which exhibit quantized multisym-
plectic manifolds as vacuum solutions.
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1. Introduction and results
Most of our current physical theories, including those describing gravity and string theory,
are not truly background independent. That is, their setup includes a given spacetime
topology or even a detailed spacetime geometry. It is clear, however, that both topology
and geometry of spacetime should ideally emerge from a more fundamental description
[1]. There are a number of approaches to solve this problem, but the one which is closest
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to what we have in mind here is that of the IKKT matrix model [2], see also [3]. This
model is equivalent to ten-dimensional super Yang-Mills theory dimensionally reduced to
a point and its degrees of freedom are described in a supermultiplet consisting of ten Lie
algebra valued matrices and their 16 fermionic superpartners. It has been conjectured that
the IKKT model provides a non-perturbative definition of type IIB superstring theory.
Interestingly, vacuum solutions of this model and its deformations by background fluxes
can be interpreted as noncommutative spaces. Moreover, the physics of small fluctuations
around these vacuum solutions corresponds to noncommutative gauge theories. Even the
dynamics of the noncommutative spaces themselves can be extracted and related to a
theory of noncommutative gravity, see [4, 5] and references therein.
While this picture is very appealing, there are a number of reasons to consider gener-
alizations in terms of higher Lie algebras or, equivalently, L∞-algebras: First and from a
mathematician’s perspective, it is always a good idea to study deformations and categori-
fications of mathematical objects to gain a more complete understanding of them.
From a string theorist’s perspective, there are many situations in which ordinary Lie
algebras are not sufficient, but have to be replaced by categorified Lie algebras. These
range from effective descriptions of M-theory over Kontsevich’s deformation quantization
to string field theory. For a more comprehensive list with more details and references, we
refer to the introduction of [6].
From a quantum field theorists perspective, L∞-algebras appear very naturally in BV-
quantization of classical field theories. Moreover, L∞-algebras come with a canonical equa-
tion of motion, the homotopy Maurer-Cartan equation. This equation is somewhat univer-
sal in the sense that many other physical field theories such as Yang-Mills theories and the
recently popular M2-brane models of [7, 8] can be written as a homotopy Maurer-Cartan
equation on some L∞-algebra, cf. e.g. [9, 10, 11].
From a gravitational physicist’s perspective, there is evidence that the version of non-
commutative gravity obtained from the IKKT model is too restrictive [12, 13]. This is
perhaps not very surprising, as the noncommutative spaces arising in the IKKT model
are Ka¨hler manifolds, and a restriction to those is clearly insufficient. As suggested in
[12, 13], one should turn to Nambu-Poisson manifolds, which have enough overlap with
multisymplectic manifolds as we shall explain in detail. On multisymplectic manifolds, the
Poisson algebra is replaced by a higher Lie algebra of observables [14]. Again, we are led
to generalizing the IKKT model to a model involving L∞-algebras.
It is the latter point that provided most of our motivation to continue the study of
models built from categorified Lie algebras we began in [6], considering models employ-
ing 2-term L∞-algebras. In the present paper, we generalize the discussion to arbitrary
(truncated) L∞-algebras and refer to the resulting models as L∞-algebra models. One of
the most important problems to be solved here is that of selecting a physically interest-
ing action. Beyond the dimensional reduction of the bosonic part of the six-dimensional
(2,0)-theory, which we will discuss in section 6.2, there is no obvious candidate. Since
other versions of higher Yang-Mills theory are unknown, we focus on higher versions of
Chern-Simons theories. These theories are conveniently constructed using the language of
2
the Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) formalism [15], which we review
to the necessary extent. In this construction, both spacetime and higher gauge algebroid
are regarded as NQ-manifolds and a connection is described as a morphism of graded
manifolds between them, cf. [16, 17, 18]. The curvature then measures the failure of this
morphism to be a morphism of NQ-manifold. Examples of NQ-manifolds include Poisson
and symplectic manifolds as well as Courant algebroids [19].
We then show how this description generalizes to supersymmetric field theories by
employing NQ-supermanifolds. In particular, we show how to describe maximally super-
symmetric Yang-Mills theory and a recently proposed version of the superconformal field
theory in six dimensions [20, 21, 22]. This is done by encoding the corresponding super-
multiplets into a connection on superspace, which is flat along certain subspaces of this
superspace.
In order to follow analogous routes to the construction of the IKKT model, we also
study the dimensional reduction of NQ-manifolds and its effect on connections encoded in
morphisms between them. While dimensional reduction was discussed previously to some
degree in [23], see also [24] for the case of Courant algebroids, we provide a more complete
picture for arbitrary NQ-manifolds here. Applying this reduction procedure to the higher
Chern-Simons theories obtained previously then yields an interesting set of examples of
L∞-algebra models.
In the second part of this paper, we study solutions of L∞-algebra models and connect
them to certain higher quantum geometries. Just as quantizations of certain symplectic
manifolds provide examples of solutions to the IKKT model, we expect higher quantiza-
tions of certain multisymplectic manifolds to provide classical solutions of the L∞-algebra
models. While the full quantization of multisymplectic manifolds is still an open problem,
we can discuss solutions using the partial results already available. Note that the quanti-
zation map is a homomorphism of Lie algebras when restricted to the Heisenberg algebra
consisting of constant and linear functions. Furthermore, this Heisenberg algebra is suffi-
cient for the description of quantized symplectic manifolds as solutions of the IKKT model.
Similarly, we expect that we merely require the Heisenberg L∞-algebras of multisymplectic
manifolds in order to discuss solutions to L∞-models, which are readily constructed.
As a first step, we review and extend the known connection between Nambu-Poisson
and multisymplectic manifolds. In particular, we point out that each Nambu-Poisson
manifold of degree p+1 which is also a p-plectic manifold, locally comes with a Heisenberg
L∞-algebra, which agrees with the Heisenberg L∞-algebra that is canonically obtained
from the multisymplectic structure. This link is very important in general, because the
mathematically more appealing structures usually arise on the multisymplectic side, while
the physically relevant examples seem to be based on Nambu-Poisson manifolds. In this
context, we also show that the Heisenberg L∞-algebra of the sphere Sn is given by a central
extension of so(n+ 1) to an n− 1-term L∞-algebra.
After this lengthy setup, we consider various interesting L∞-algebra models. We start
with a Yang-Mills type class of homogeneous L∞-algebra models, which come with an
L∞-algebra valued set of fields. These comprise the IKKT model and have very similar
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properties. In particular, we can find higher dimensional analogues of the symplectic
manifolds whose Heisenberg algebras form solutions to the IKKT model.
They differ, however, from inhomogeneous L∞-algebra models, in which each field takes
values in a subspace of an L∞-algebra with homogeneous grading. Inhomogeneous L∞-
algebra models arise rather naturally in dimensional reductions of higher gauge theories.
As an example, we consider the pure gauge part of the (2, 0)-theory mentioned above.
We can readily show that the resulting model is solved by the Heisenberg L∞-algebra of
R
1,2 × R3 ∼= R1,5. This is the categorified version of the fact that the IKKT model is
solved by the Heisenberg algebra of R1,3.
We then show how a very canonical choice of equation of motion arises from dimen-
sionally reducing the higher Chern-Simons action functional: the homotopy Maurer-Cartan
equation of the semistrict L∞-algebra under consideration1. As stated above, the homo-
topy Maurer-Cartan equation is somewhat universal and we explain in some detail how
physically relevant equations of motion are encoded in this equation.
Because of their universality, it is natural to limit ourselves to homotopy Maurer-Cartan
L∞-algebra models. Particularly appealing about these models is the fact that the input
data consists merely of an L∞-algebra. We find indeed that a naturally twisted form of
these models admits quantizations of p-plectic Rp+1 as solutions.
This paper is intended as a starting point for future work, studying the dynamics of
quantized multisymplectic manifolds, along the lines of [4, 5], using L∞-models.
2. Metric Lie p-algebroids and symplectic NQ-manifolds
We start with a brief review of some basic concepts and definitions familiar from the AKSZ
formalism. In particular, we recall what symplectic NQ-manifolds are and how they are
related to metric truncated strong homotopy Lie algebras and metric Lie p-algebroids.
2.1. NQ-manifolds
An N-manifold is an N-graded manifold or, and this is where the name stems from, a Z-
graded manifold concentrated in non-negative degrees. The terminology is due to Sˇevera
[25] and a detailed review can be found in [19]. In general, an N-graded manifold M
is a locally ringed space M = (M,OM), where M is a smooth manifold and OM is an
N-graded C∞(M)-sheaf. Alternatively, we can think of an N-graded manifold M being
covered by affine charts with coordinates that have each a degree in N. This implies that
the structure sheaf OM is filtered: OM = O0M ⊂ O1M ⊂ O2M ⊂ . . ., where O0M = C∞(M)
and, more generally, OkM is locally generated by functions of degree ≤ k. This filtration
gives a fibration . . .→M2 →M1 →M0 = M .
A simple, but ubiquitous example of an N-manifold is a parity-shifted linear space, like
g[1], where g is some Lie algebra. The coordinates of g[1] all have degree 1 and we say
1To be precise, it is the homotopy Maurer-Cartan equation of the semistrict Lie p-algebra under con-
sideration tensored with the Graßmann algebra R1+p[1]. Recall that the tensor product of an L∞-algebra
and a differential graded algebra carries a natural L∞-algebra structure.
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that the N-manifold is concentrated in degree 1. In general, [n] will denote a shift of the
grading of some linear space by n.
Another class of examples of N -manifolds is given by ordinary supermanifolds, which
are N-manifolds with grading concentrated in degrees 0 and 1. The canonical example here
is the parity shifted tangent bundle T [1]M = ΠTM of some manifold M , in which the base
manifold is of degree 0 and the fibers are of degree 1.
A more sophisticated example is T ∗[2]T [1]M , where the cotangent functor T ∗ creates
fibers with the opposite grading to those of the base manifold which are then shifted in
degree. Therefore, T ∗[2]T [1]M is an N-manifold concentrated in degrees 0, 1 and 2. This
example appears in the interpretation of exact Courant algebroids as N-manifolds [19].
Recall that a morphism of graded manifolds φ : M = (M,OM) → N = (N,ON ) is
a degree preserving morphism of ringed spaces. Explicitly, we have a smooth morphism
φ0 : M → N together with a morphism φ∗ : ON → OM. The latter is fixed by its image
on the coordinates generating ON locally. Moreover, its degree 0 part is determined by φ0.
This picture generalizes the usual morphism between manifolds: for each coordinate Z on
N , we have a functional dependence φ∗(Z) on the coordinates of M.
An NQ-manifold [25] or differential N-graded manifold is now an N-graded manifold
endowed with a homological vector field Q. That is, Q is a vector field of degree one which
is nilquadratic, Q2 = 0. NQ-morphisms between two NQ-manifolds (M, Q) and (M′, Q′)
are morphisms of graded manifolds ϕ :M→M′ such that ϕ∗ ◦Q′ = Q ◦ ϕ∗.
The algebra of functions on an NQ-manifold together with the differential Q forms
a differential graded algebra, or a dga for short. We shall refer to maps between two
such differential graded algebras which respect the grading and the differential as dga-
morphisms. Note that morphisms between NQ-manifolds are in one-to-one correspondence
with dga-morphisms of the corresponding differential graded algebra of functions. For more
details on such morphisms, see e.g. [26].
The standard example of an NQ-manifold is again given by the shifted tangent bundle
T [1]M of some manifold M . The algebra of functions on T [1]M and the homological vector
field Q are identified with the differential forms Ω•(M) on M and the de Rham differential,
respectively. The latter is indeed an endomorphism on the algebra of functions on T [1]M .
Note that enhancing the shifted linear space g[1] to an NQ-manifold yields a Lie alge-
bra structure on g. The algebra of functions on g[1] is the graded commutative algebra
Sym(g[1]∗): that is the graded symmetric tensor algebra, freely generated by some coor-
dinates ξα, α = 1, . . . ,dim g, of degree 1 with respect to a basis τα of degree 0. A vector
field Q of degree 1 is necessarily a differential operator acting on elements of Sym(g[1]∗) as
follows:
Q = −12fαβγξβξγ
∂
∂ξα
. (2.1)
The equation Q2 = 0 then amounts to the Jacobi identity for the Lie algebra defined by the
structure constants fαβγ . This yields the well-known description of a Lie algebra in terms
of its Chevalley-Eilenberg algebra. The vector field Q is called the Chevalley-Eilenberg
differential.
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Finally, we can combine the last two examples. Consider a vector bundle E → M
over some manifold M . Then an NQ-structure on E[1] gives rise to a Lie algebroid [27].
Introducing some local coordinates xa on M and ξα in the fibers of E[1], we can write
Q = −maα(x)ξα
∂
∂xa
− 12fαβγ(x)ξβξγ
∂
∂ξα
. (2.2)
The tensor fαβγ(x) defines a Lie algebra structure on the sections of E, while the tensor
maα(x) encodes the anchor map ρ : E → TM . The Leibniz rule and the fact that ρ is a
morphism of Lie algebras follows from Q2 = 0.
When discussing supersymmetric field theories, we will have to deal with NQ-super-
manifolds. In this case, there is a bigrading of the corresponding algebra of functions.
The only thing to keep in mind here is that whenever the order of two odd objects is
interchanged, a minus sign has to be inserted. Here, an object is to be regarded as odd, if
its total degree, which is the sum of the two degrees of the bigrading, is odd.
2.2. P-manifolds and symplectic NQ-manifolds
In the context of BV quantization [28, 15], one often encounters P-manifolds, where P
stands for an odd Poisson bracket, which is also called antibracket. The canonical example
here is the supermanifold T ∗[1]Rn with local coordinates ZA = (xa, pa) parameterizing the
base and the fibers, respectively, equipped with the graded Poisson bracket
{f, g} := f
←−−
∂
∂xa
−−→
∂
∂pa
g − f
←−−
∂
∂pa
−−→
∂
∂xa
g , (2.3)
where the arrows indicate derivatives acting from the left and the right. Note that functions
on T ∗[1]Rn can be identified with multivector fields, on which the Poisson bracket (2.3)
acts as the Schouten bracket.
A PQ-manifold [28] is an NQ-manifoldM concentrated in degrees 0 and 1, in which the
odd Poisson bracket originates from an odd, Q-invariant, non-degenerate 2-form. Given
some coordinates ZA on M, ω = 12dZA ∧ ωABdZB is then an odd symplectic form with
LQω = 0 and {f, g} = f
←−−−
∂
∂ZA
ωAB
−−−→
∂
∂ZB
g , (2.4)
where ωAB is the inverse of the graded matrix ωAB.
For example, the Poisson bracket (2.3) originates from the odd symplectic form ω =
dxa ∧ dpa. If we endow T ∗[1]Rn with the homological vector field Q = piabpa ∂∂xb with
piab = −piba and Q2 = 0, then ω is Q-invariant:
LQω = dιQω = piabdpa ∧ dpb = 0 . (2.5)
There is now a generalized Darboux theorem for PQ-manifolds [29] which states that
on any PQ-manifold M, we can write ω = dxa ∧ dpa in some local coordinates (xa, pa),
a = 1, . . . , d.
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In this paper, we shall require symplectic forms of general degree2. We thus define a
symplectic NQ-manifold of degree n as an NQ-manifold endowed with a symplectic form
ω of degree n satisfying LQω = 0. Such structures were called Σn-manifolds in [25]. A
relevant example of a symplectic NQ-manifold of degree 2 is T [1]M ×M T ∗[2]M with local
coordinates (xa, ξa, pa) and symplectic form ω = dx
a∧dpa+ 12gabdξa∧dξb, where g is some
invertible matrix.
Let now M be a symplectic NQ-manifolds of degree n with local coordinates ZA =
(xa, ξα, . . .) and symplectic form ω = 12dZ
A ∧ ωABdZB. We can associate to any function
f ∈ C∞(M) a corresponding Hamiltonian vector field Xf via
Xf · g := {g, f} or ιXfω = df , (2.6)
where ιX and d denote contraction along X and the exterior derivative onM, respectively.
Inversely, we can refer to f as the Hamiltonian of Xf . For a function f , the parity of Xf is
the opposite of that of f for odd n, and the same for even n. Clearly, Hamiltonian vector
fields generate symplectomorphisms: LXfω = d2f = 0.
Note that the homological vector field Q with Q2 = 0 and LQω = 0 is the Hamiltonian
vector field of a function S satisfying {S,S} = 0. We can compute this function using the
Euler vector field, which reads as
ε =
∑
A
deg(ZA)ZA
∂
∂ZA
, (2.7)
expressed locally in coordinates ZA. A closed, homogeneous form λ of degree m, i.e. such
that Lελ = mλ and dλ = 0, is exact, that is λ = dϕ, with ϕ = 1m ιελ. In particular, one
can check that Lεω = nω, for the symplectic structure of degree n, so that the symplectic
potential is α = 1n ιεω, and dα = ω. Similarly one can compute that LειQω = (n+ 1)ιQω.
But ιQω is, by definition, the exterior derivative of the Hamiltonian S of Q: ιQω = dS.
Explicitly, we therefore have (see e.g. [30])
S = 1
1 + n
ιειQω . (2.8)
Conversely, any function S with {S,S} = 0 has a homological Hamiltonian vector field.
Note that we have the following tower of symplectic NQ-manifolds of degree n. In the
case n = 0, non-degeneracy of the symplectic structure implies that the NQ-manifold is
concentrated in degree 0 and we thus obtain an ordinary symplectic manifold. As stated
above, for n = 1, the NQ-manifold is necessarily of the form T ∗[1]M and the Hamiltonian
is a bivector field on M . We thus obtain a Poisson manifold. Continuing along these lines,
we find that n = 2 yields a Courant (2-)algebroid [25, 19], as we shall review later.
As a final example, let M = T ∗[1]N be the shifted cotangent bundle of the manifold
N = X × g[1], where X is a G-manifold for some Lie group G with Lie algebra g. The
coordinates on M are ZA = (xa, pa, ξα, ζα) with degree (0, 1, 1, 0) respectively. The
standard P-structure on T ∗[1]N is then
ω = 12dZ
A ∧ dZA = dxa ∧ dpa + dξα ∧ dζα , (2.9)
2By degree of a symplectic form, we shall always mean the N-grading, as the form degree is fixed.
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while a nilpotent Q, of degree 1, preserving ω is necessarily of the form
Q = −T aαξα
∂
∂xa
− 12fαβγξβξγ
∂
∂ξα
+
∂T aα
∂xb
paξ
α ∂
∂pb
+
(
T aβ pa + 2f
α
βγζαξ
γ
) ∂
∂ζβ
. (2.10)
Here, the fαβγ are the structure constants of the Lie algebra g in a basis (τα), where a
general element of g[1] is of the form ξατα. The anchor map of a Lie algebroid structure
over X × g∗ is encoded in the first and last summand of Q. We arrive at a symplectic
NQ-manifold of degree 1, which is of the form T ∗[1]M ∼= T ∗[1]N for M = X × g[0]∗.
2.3. L∞-algebras and L∞-algebroids
To describe higher gauge theory leading to L∞-algebra models later, we have to generalize
our discussion from Lie algebroids to (symplectic) Lie p-algebroids. The latter are iterative
categorifications of the notion of a Lie algebroid and they are most easily described using
the analogue of the Chevalley-Eilenberg description of Lie algebras.
As a first step, let us consider the Chevalley-Eilenberg description of an L∞-algebra.
Here, we have a differential graded algebra Sym(g[1]∗), where g is a linear N-manifold with
global coordinates ZA of degree |A| ∈ N in some basis τA of degree 0. The homological
vector field Q on the NQ-manifold g[1] is of the general form
Q = −mABZB
∂
∂ZA
− 1
2
mABCZ
BZC
∂
∂ZA
+ . . . =
∞∑
k=1
(−1)σk
k!
mAB1...BkZ
B1 . . . ZBk
∂
∂ZA
,
(2.11)
where
σk :=
(
k + 1
2
)
=
k(k + 1)
2
. (2.12)
The minus signs are inserted for later convenience. The fact that Q is of degree one restricts
the type of non-vanishing generalized structure constants mAB1...Bk . They define a set of
brackets on elements of g, which leads to the dual picture of an L∞-algebra. We now also
introduce the graded basis τˆA on g: here all coordinates are of degree 0, while the τˆA absorb
the grading of ZA pre-shift. To match common conventions in the literature, we choose τˆA
such that |τˆA| = |A| − 1. We then get the brackets
µk(τˆB1 , . . . , τˆBk) := m
A
B1...Bk
τˆA , (2.13)
where each bracket µk itself has degree k − 2. The condition Q2 = 0 directly translates
to homotopy Jacobi identities, and together with the brackets, g forms an L∞- or strong
homotopy Lie algebra [31]. At lowest order, we have
µ1(µ1(τˆA)) = 0 , µ1(µ2(τˆA, τˆB)) = µ2(µ1(τˆA), τˆB)± µ2(τˆA, µ1(τˆB)) , . . . (2.14)
The ±-sign in the last term has to be chosen according to the grading of τˆA.
If the NQ-manifold is concentrated in degrees 1 to p, the resulting L∞-algebra is trun-
cated and it is categorically equivalent to a (semistrict) Lie p-algebra.
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Morphisms of L∞-algebras and Lie p-algebras are now simply morphisms of the under-
lying NQ-manifolds, see also [26] and references therein.
The most general situation of an L∞-algebroid is obtained by considering an arbitrary
NQ-manifold M. Contrary to the last example, the degree 0-component M of M will be
non-trivial, and we will refer to this component as the bodyM0 ofM. At a point x ∈M0,
we can introduce a system of coordinates ZA = (xa, ξα, . . .) and express the homological
vector field Q in the form3
Q = −mAB(x)ZB
∂
∂ZA
− 1
2
mABC(x)Z
BZC
∂
∂ZA
+ . . .
= −
∞∑
k=1
(−1)σk
k!
mAB1...Bk(x)Z
B1 . . . ZBk
∂
∂ZA
.
(2.15)
Note that here, the coefficients mAB1...Bk(x) are now sections over M0. Again, by concen-
trating the NQ-manifolds in degrees d with 0 ≤ d ≤ p, we obtain Lie p-algebroids.
2.4. Metric L∞-algebroids
Adding a symplectic structure to an NQ-manifold adds a metric to the corresponding L∞-
algebroid. Since the discussion of a metric will be crucial later on, we shall be rather
explicit in explaining this fact.
We first restrict ourselves to L∞-algebras arising from NQ-manifolds concentrated in
degrees d ≥ 1. Recall that a cyclic inner product on an L∞-algebra L is a non-degenerate
graded symmetric bilinear map (−,−) : L× L→ R such that
(x1, x2) = (−1)x˜1 x˜2(x2, x1) ,
(µk(x1, . . . , xk), x0) = (−1)k+x˜0(x˜1+···+x˜k)
(
µk(x0, x1, . . . , xk−1), xk
)
.
(2.16)
For the original references and more details on cyclic inner products, see [32, 33, 34, 35].
Take an NQ-manifold M, without body, which is endowed with a symplectic form
ω satisfying LQω = 0. This symplectic form gives rise to a cyclic inner product on the
corresponding L∞-algebra. In particular, if n is the degree of ω, we obtain a Lie p-algebra
with p = n−1. The latter relation between p and n will hold throughout rest of the paper.
Instead of considering the general case, let us illustrate this statement using the case of
a Lie 2-algebra. Take a symplectic NQ-manifoldM = (M2 →M1 → ∗), whereM1 = V [1]
and (M2 → M1) = T ∗[3]V [1]. Let us introduce coordinates (ξα, pα) on T ∗[3]V [1]. Then
Q reads as
Q = −eαβpβ ∂
∂ξα
− 1
2
fαβγξ
βξγ
∂
∂ξα
− gγβαξβpγ
∂
∂pα
+
1
3!
hαβγδξ
αξβξγ
∂
∂pδ
, (2.17)
while the symplectic form is given by
ω = dξα ∧ dpα , LQω = 0 . (2.18)
3For simplicity, we assume here that x is a stationary point, so that the sum starts at k = 1 instead of
k = 0.
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For the graded basis vectors τˆA = {τˆα, τˆβ} of M[−1] = V ⊕ V ∗[1], which generate the
L∞-algebra, we have the corresponding higher brackets
µ1(τˆ
α) = eαβ τˆβ , µ2(τˆα, τˆβ) = f
γ
αβ τˆγ , µ2(τˆα, τˆ
β) = gβαγ τˆ
γ , µ3(τˆα, τˆβ, τˆγ) = hαβγδ τˆ
δ .
(2.19)
The fact that Q2 = 0 implies the following homotopy relations on the higher brackets:
µ1(µ2(τˆα, τˆ
β)) = µ2(τˆα, µ1(τˆ
β)) , µ2(µ1(τˆ
α), τˆβ) = µ2(τˆ
α, µ1(τˆ
β)) ,
µ3(τˆ
α, τˆβ, τˆγ) = µ3(τˆ
α, τˆβ, τˆγ) = µ3(τˆ
α, τˆβ, τˆγ) = 0 ,
µ1(µ3(τˆα, τˆβ, τˆγ)) = −µ2(µ2(τˆα, τˆβ), τˆγ)− µ2(µ2(τˆγ , τˆα), τˆβ)− µ2(µ2(τˆβ, τˆγ), τˆα) ,
µ3(µ1(τˆ
α), τˆβ, τˆγ) = −µ2(µ2(τˆβ, τˆγ), τˆα)− µ2(µ2(τˆα, τˆβ), τˆγ)− µ2(µ2(τˆγ , τˆα), τˆβ)
(2.20a)
and
µ2(µ3(τˆα,τˆβ, τˆγ), τˆδ)− µ2(µ3(τˆδ, τˆα, τˆβ), τˆγ) + µ2(µ3(τˆγ , τˆδ, τˆα), τˆβ)
− µ2(µ3(τˆβ, τˆγ , τˆδ), τˆα) =
µ3(µ2(τˆα, τˆβ), τˆγ , τˆδ)− µ3(µ2(τˆβ, τˆγ), τˆδ, τˆα) + µ3(µ2(τˆγ , τˆδ), τˆα, τˆβ)
− µ3(µ2(τˆδ, τˆα), τˆβ, τˆγ)− µ3(µ2(τˆα, τˆγ), τˆβ, τˆδ)− µ3(µ2(τˆβ, τˆδ), τˆα, τˆγ) .
(2.20b)
The inner product on the graded basis vectors τˆA reads as (τˆα, τˆ
β) = (τˆβ, τˆα) = δ
β
α. Because
of LQω = 0, this inner product is indeed cyclic. We have
0 = LQ(dξα ∧ dpα) =
(
d(Q(ξα)) ∧ dpα + dξα ∧ d(Q(pα))
)
= −d(pβeαβ + 12fαβγξβξγ) ∧ dpα − dξα ∧ d(gγβαξβpγ − 13!hβγδαξβξγξδ) ,
(2.21)
which implies that
(µ1(τˆ
α), τˆβ) = eαβ = eβα = (µ1(τˆ
β), τˆα) ,
(µ2(τˆα, τˆβ), τˆ
γ) = fγαβ = −gγαβ = (µ2(τˆγ , τˆα), τˆβ)
= gγβα = (µ2(τˆβ, τˆ
γ), τˆα) ,
(µ3(τˆα, τˆβ, τˆγ), τˆδ) = hαβγδ = −hδαβγ = −(µ3(τˆδ, τˆα, τˆβ), τˆγ) .
(2.22)
The generalization to L∞-algebroids is readily performed. To illustrate this, we consider
the case of symplectic Lie 2-algebroids or Courant algebroids, see also [19]. Here, we have
a graded manifold M = E[1] ×M T ∗[2]M = M2 → M1 → M0, where E is some vector
bundle over a manifold M . We introduce local Darboux coordinates (xa, ξα, pa) with
grading 0, 1 and 2, respectively, in which the symplectic form of degree 2 reads as
ω = dxa ∧ dpa + 12dξα ∧ ωαβdξβ . (2.23)
A homological vector field Q compatible with ω (i.e. a Q such that LQω = 0) is necessarily
of the form
Q = −maαξα
∂
∂xa
−
(
1
2
mαγβξ
γξβ +maαpaω
βα
)
∂
∂ξα
+
+
(
1
3!
∂mδβγ
∂xa
ωδαξ
αξβξγ +
∂mbα
∂xa
pbξ
α
)
∂
∂pa
.
(2.24)
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The above data now encodes a Courant algebroid. The relevant vector bundle E isM1 →
M0, i.e. the vector bundle E[1] we started from. A section ξ of this bundle is locally given
by functions ξα(x) and the anchor map % : E → TM is defined via %(τˆα) = maα ∂∂xa . The
inner product between fiber elements ξ1 = ξ
α
1 τα and ξ2 = ξ
α
2 τα in some (degree 0) basis
(τα) of the fibers is given by (ξ1, ξ2) := ξ
α
1 ωαβξ
β
2 . Note that the anchor map also defines a
pullback D of the exterior derivative d on M0 via the adjoint map
(Df)α = 12ωαβmaβ
∂
∂xa
f . (2.25)
In terms of the graded basis τˆα in which the coordinates have degree 0, the Courant bracket
on sections is µ2(τˆα, τˆβ) = m
γ
αβ τˆγ . Due to LQω = 0, its associator satisfies
µ2(µ2(τˆα, τˆβ), τˆγ)+µ2(µ2(τˆβ, τˆγ), τˆα)+µ2(µ2(τˆγ , τˆα), τˆβ)+
1
2D(µ2(τˆ[α, τˆβ), τˆγ]) = 0 , (2.26)
where the last term is a cyclic sum. The remaining axioms of Courant algebroids read as
%(µ2(ξ1, ξ2)) = [%(ξ1), %(ξ2)] ,
µ2(ξ1, fξ2) = fµ2(ξ1, ξ2) + (%(ξ1) · f)ξ2 − (ξ1, ξ2)Df ,
%(ξ1) · (ξ2, ξ3) =
(
µ2(ξ1, ξ2) +D(ξ1, ξ2), ξ3
)
+
(
ξ2, µ2(ξ1, ξ3) +D(ξ1, ξ3)
)
,
(Df,Dg) = 0
(2.27)
for all ξ1, ξ2, ξ3 ∈ Γ(M1 →M0) and f ∈ C∞(M0). These are readily verified to hold, too.
Note that for M0 a point, we obtain a metric Lie algebra.
2.5. Weil algebras and invariant polynomials
The Weil algebra W(g) of an L∞-algebroid g is the Chevalley-Eilenberg algebra of the
tangent L∞-algebroid T [1]g, endowed with a canonical Chevalley-Eilenberg differential, cf.
[36]. For example, the Weil algebra of the trivial Lie algebroid consisting of a manifold M
is the algebra of functions on the tangent Lie algebroid T [1]M , which is given by the de
Rham complex W(M) = CE(TM) = (Ω•(M), d).
Here, we will be interested in the Weil algebra of an L∞-algebra g. As a vector space,
the tangent L∞-algebra T [1]g can be identified with g⊕g[1] and we obtain the Weil algebra
as the graded vector space
Sym(g[1]∗ ⊕ g[2]∗) . (2.28)
Let dg be the de Rham differential on g, inducing a shift isomorphism dg : g[1]
∗ → g[2]∗.
The canonical Chevalley-Eilenberg differential dW on T [1]g[1] acts on the coordinates ξ
α
of g[1] as follows:
dWξ
α = dCEξ
α + dgξ
α and dW dg ξ
α = −dg dCE ξα . (2.29)
Note that for an ordinary Lie algebra, this reproduces the conventional definition of the
Weil algebra.
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The Weil algebra has trivial cohomology and fits into the sequence
inv(g) ↪→ W(g) piW−−→ CE(g) , (2.30)
where piW is the obvious projection Sym(g[1]
∗ ⊕ g[2]∗) → Sym(g[1]∗). The invariant poly-
nomials inv(g) are elements of the Weil algebra that sit completely in Sym(g[2]∗) and are
closed under dW. Therefore, the obvious contraction of an element p ∈ inv(g) with an
element of X ∈ g vanishes and so does its Lie derivative LX := [dW, ιX ], which encodes
the coadjoint action of X on elements of W(g). This justifies referring to these elements
as invariant polynomials.
For the trivial Lie algebroid consisting of a manifold M , the invariant polynomials are
closed differential forms of minimal degree 1. For an ordinary Lie algebra g, we recover
the usual invariant polynomials. Recall that these are given by expressions p(τ1, τ2, . . . , τn)
such that p([τ0, τ1], τ2, . . . , τn) + . . .+ p(τ1, τ2, . . . , [τ0, τn]) = 0 for elements τ0, . . . , τn ∈ g.
There is now a transgression between a Chevalley-Eilenberg cocycle and an invariant
polynomial going through a Chern-Simons element of the Weil algebra: Given a cocycle
κ ∈ CE(g) with dCEκ = 0 as well as an invariant polynomial ωˆ ∈ inv(g), then χ is called
a corresponding Chern-Simons element if dWχ = ωˆ and χ|CE = κ. Note that this type of
transgression is closely related to the transgression of forms on the typical fiber of a fiber
bundle to forms on its base.
As a straightforward example, consider the symplectic NQ-manifold (g[1], ω) concen-
trated in degree 1, where ω = 12dξ
α ∧ ωαβdξβ, in some coordinates ξα on g[1], and
Q = dCE = −12fγαβξαξβ ∂∂ξγ . On W (g[1]) = CE(T [1]g[1]) with generators dgξα in the fibers
and ξα on the base, the invariant polynomial corresponding to ω is ωˆ = 12dgξ
α ∧ ωαβdgξβ.
Note that the Hamiltonian S = − 13!ωαδf δβγξαξβξγ of the homological vector fieldQ is indeed
a Chevalley-Eilenberg cocycle, since QS = {S,S} = 0 by definition. The invariant polyno-
mial corresponding to ω can now be obtained as a transgression of the Chevalley-Eilenberg
cocycle S via the Chern-Simons element
χ = 12
(
ωαβξ
αdgξ
β − 13!ωαδf δβγξαξβξγ
)
, (2.31)
because we have dWχ = ωˆ and evidently χ|CE(g) = 1nS.
We can generalize this to arbitrary symplectic NQ-manifolds M with local Darboux
coordinates ZA and symplectic form ω = 12dZ
A∧ωABdZB of degree n. As shown in [30], the
cocycle 1nS = 1n(n+1) ιειQω can be transgressed to the invariant polynomial corresponding
to the symplectic form, via the Chern-Simons element χ = 1n(ιεω+S), where ε is the Euler
vector field (2.7). We will present the details for n = 3 in section 3.4.
3. Higher gauge theory with symplectic NQ-manifolds
Higher gauge theory [37, 38, 39, 40] describes the parallel transport of extended objects,
just as ordinary gauge theory describes the parallel transport of point-like objects. In this
section, we concisely review the formalism of [16, 17, 18], see also [41]. This formalism
describes higher gauge theories in terms of morphisms between NQ-manifolds, generalizing
the ideas of [42] and [15]. We also make contact with the discussion in [36, 30].
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3.1. Motivating example: Ordinary gauge theory
Let us start by reformulating the local kinematical data of ordinary gauge theory in the
language of NQ-manifolds. A connection on a topologically trivial principal fiber bundle
P with structure group G over a manifold Σ can be encoded in a 1-form A taking values in
the Lie algebra g = Lie(G). Its curvature is F = dA + 12 [A,A] and gauge transformations
are encoded in G-valued functions g which act on A according to A 7→ A˜ = g−1Ag+g−1dg.
At infinitesimal level, we have A 7→ A+δA, δA = dε+[A, ε], where ε is a g-valued function.
Note that the shifted tangent bundle T [1]Σ forms an NQ-manifold with Q = dΣ being
the de Rham differential on Σ. Functions on T [1]Σ are differential forms, and dΣ is therefore
indeed a vector field on T [1]Σ of degree one. The gauge algebra g is also regarded as an
NQ-manifold g[1] with Q = dCE being the Chevalley-Eilenberg differential. Recall that on
some coordinates ξα on g[1] with respect to a basis τα, Q acts according to
Qξα = dCEξ
α = −12fαβγξβξγ , (3.1)
where fαβγ are the structure constants of g, cf. section 2.1.
The Lie algebra valued 1-form A is then encoded in a morphism of graded manifolds
a : T [1]Σ→ g[1]. Since g[1] is concentrated in degree 1, this morphism is fully characterized
by a map a∗ : ξα → Aα, where A = Aατα is a g-valued 1-form on Σ. The curvature
F = Fατα of A corresponds now to the failure of a to be a morphism of NQ-manifolds:
Fα = (dΣ ◦ a∗ − a∗ ◦Q)(ξα)
= dΣa
∗(ξα)− a∗(−12fαβγξβ ∧ ξγ) = dΣAα + 12fαβγAβ ∧Aγ .
(3.2)
Since gauge potentials are described by morphisms of graded manifolds, it is only
natural to describe gauge transformations in terms of flat homotopies between these [16, 43].
That is, given two gauge equivalent gauge potentials in terms of morphisms a, a˜ of graded
manifolds T [1]Σ→ g[1], we lift these to a morphism of graded manifolds,
aˆ : T [1](Σ× [0, 1])→ g[1] , (3.3)
such that the restrictions to the endpoints of [0, 1] yield a and a˜. More explicitly, introduc-
ing coordinates xµ and r on Σ and [0, 1], respectively, we demand that aˆ(x, r)|r=0 = a(x)
and aˆ(x, r)|r=1 = a˜(x). The morphism aˆ is fully characterized by a map aˆ : ξα → Aˆα,
where Aˆατα is now a g-valued 1-form Σ× [0, 1] with components
Aˆα = Aˆαµdx
µ + Aˆαr dr . (3.4)
Its curvature which is calculated with respect to the augmented homological vector field
Qˆ = dΣ + d[0,1] has components
Fˆ = 12 Fˆµνdx
µ ∧ dxν +
(
∂
∂xµ
Aˆr(x, r) + µ2(Aˆµ(x, r), Aˆr(x, r))− ∂
∂r
Aˆµ(x, r)
)
dxµ ∧ dr︸ ︷︷ ︸
Fˆ⊥
,
(3.5)
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and for the homotopy to be flat, Fˆ⊥ has to vanish. This implies that
∂
∂r
Aˆµ(x, r) =
∂
∂xµ
Aˆr(x, r) + µ2(Aˆµ(x, r), Aˆr(x, r)) , (3.6)
and we recover the usual infinitesimal gauge transformations with gauge parameterAr(x, 0).
The differential equation (3.6) can now be integrated to obtain finite gauge transformations.
In the global picture, we would consider the Atiyah Lie algebroid associated to the
principal fiber bundle P over Σ [42]. This algebroid T [1]P/G sits in the exact sequence of
vector bundles
0→ ad[1](P )→ T [1]P/G→ T [1]Σ→ 0 , (3.7)
where ad[1](P ) is the grade-shifted vector bundle associated to P by the adjoint action.
A connection is then a splitting of this sequence as vector bundles, i.e. a map of graded
manifolds (or, equivalently here, a bundle map) a : T [1]Σ→ T [1]P/G. If this splitting is a
morphism of Lie algebras, then the connection is flat.
Usually, the Courant (Lie 2-)algebroid is identified with a categorified Atiyah Lie alge-
broid; however, the complete picture is still unknown, as far as we are aware.
3.2. General higher gauge theory
We now generalize the picture of the previous section to arbitrary symplectic L∞-alge-
broids. We start again from the NQ-manifold (T [1]Σ,dΣ), assuming that Σ is contractible.
The gauge symmetries together with a potential σ-model target space are encoded in a
metric L∞-algebroid, which we regard again as a symplectic NQ-manifold (M, ω,QM).
We choose coordinates ZA = (ya, ζα, . . .) on M = M0 ← M1 ← . . .. The connective
structure (or higher connection) is encoded in a morphism of graded manifolds
a : T [1]Σ −→ M , (3.8)
which is not necessarily a morphism of NQ-manifolds. The map a encodes a function a0
on Σ with values in M0, which can be regarded as a field in a (non-linear) sigma model.
Moreover, a containsMi-valued i-forms ai over Σ for all i ≤ dim Σ. Together, they contain
the connective structure of an underlying higher principal bundle. The local kinematical
data of higher gauge theory is therefore encoded in the map a.
The curvature of the connective structure, as well as the covariant derivative of the
sigma model field a0 are the failure of a to be a morphism of NQ-manifolds. To develop
this statement a little further, we consider the diagram
T [1](T [1]Σ)
a∗ // T [1]M
T [1]Σ
dΣ
OO
a //M
QM
OO
(3.9)
where the homological vector fields dΣ and QM are regarded as sections. Since both maps
a∗ ◦ dΣ and QM ◦ a end in the same fiber over M, the map
f := a∗ ◦ dΣ −QM ◦ a (3.10)
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is well-defined and together with the trivial projection pi : T [1]M→M, f yields a lift of
a:
T [1]M
pi

T [1]Σ
f
66
a //M
(3.11)
We can now regard elements of Ω•(M) as functions on T [1]M and pull them back along
f . For h ∈ C∞(M) in particular, we have
f∗(pi∗h) = a∗(h) and f∗(dMh) = (dΣ ◦ a∗ − a∗ ◦QM) (h) , (3.12)
where dM is the exterior derivative onM and we used Q∗MdMh = QMh. Finally, because
of the properties of the pullback of functions, we have
f∗(αβ) = f∗(α)f∗(β) (3.13)
for α, β ∈ C∞(T [1]M). Endowing T [1]M with the homological vector field Qˆ = dM+LQM
with LQM := ιQMdM − dMιQM turns f into a morphism of NQ-manifolds:
(dΣ ◦ f∗ − f∗ ◦ Qˆ)(pi∗h) = 0 and (dΣ ◦ f∗ − f∗ ◦ Qˆ)(dMh) = 0 , (3.14)
which follows from equations (3.12). Altogether, the covariant derivative of a0 and the
curvatures of the connective structure encoded in the ai, for i > 0, are encoded in the
morphism of NQ-manifolds f .
Note that by enlarging the picture to T [1]M, we made the transition from the Cheval-
ley-Eilenberg algebra (the functions onM) to the Weil algebra (the functions on T [1]M),
cf. section 2.5. A morphism of NQ-manifolds f : T [1]Σ→ T [1]M contains in particular a
morphism of differential graded algebras (dga-morphism for short) f∗ : W(M)→W(Σ) =
C∞(T [1]Σ) ∼= Ω•(Σ). The connective structure is flat if and only if f∗ factors through the
Chevalley-Eilenberg algebra CE(M). That is, in this case we have an a∗ such that
W(M)
f∗
vv
piW

Ω•(Σ) CE(M)
a∗
oo
(3.15)
is commutative.
As in the case of ordinary gauge theory, higher gauge transformations are again given
by flat homotopies aˆ : T [1](Σ × [0, 1]) → M between morphisms of graded manifolds
a, a˜ : T [1]Σ → M. Alternatively, we can regard them as concordances between dga-mor-
phisms f∗, f˜∗ : W(M)→ C∞(T [1]Σ) [36].
Characteristic classes of the higher principal bundles endowed with the higher connec-
tive structure are given by pullbacks along f of invariant polynomials on T [1]M [17]. For
example, consider the symplectic form onM, given by ω = 12dZA∧ωABdZB in some local
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Darboux coordinates ZA. We regard ω as a function on T [1]M and find its pullback along
f to be
f∗(12dZ
A ∧ ωABdZB) = 12f∗(dZA) ∧ ωABf∗(dZB) = 12FA ∧ ωABFB , (3.16)
where F is the curvature of the connective structure.
In the case of ordinary gauge theory withM = g[1], the invariant polynomials are of the
form p = 1d!pA1...AddZ
A1 ∧ . . . dZAd . The corresponding pullbacks reproduce in particular
all the Chern characters and the pullback of the symplectic form f∗(ω) is simply the second
Chern class.
3.3. Fake curvatures and dga-morphisms
One of the goals of higher gauge theory is to describe the parallel transport of extended
objects along submanifolds. To guarantee that this parallel transport is invariant under
reparameterizations of these submanifolds, consistency conditions have to be imposed.
These consistency conditions correspond to the vanishing of all so-called fake curvatures,
see e.g. [38].
Vanishing of the fake curvature arises very naturally in twistor descriptions of higher
gauge theory [20, 21, 22]. It also renders the gauge transformation of the curvature covari-
ant. The latter point is important in a potential discussion of the maximally superconfor-
mal field theory, or (2,0)-theory, in six dimensions. This theory contains a self-dual 3-form
curvature, and imposing a self-duality condition is only gauge invariant for vanishing fake
curvature.
When regarding a connective structure as a dga-morphism f∗ : W(M) → C∞(T [1]Σ),
the fake curvatures are precisely all but the highest form-degree element of the correspond-
ing curvatures. That is, vanishing of the fake curvatures means that the map a fails to
be a morphism of NQ-manifolds only in its highest degree component. We will comment
more on this point when discussing examples.
3.4. Higher Chern-Simons actions and AKSZ σ-models
Let us now go beyond the kinematical data and specify dynamical information via an action
principle. A particularly interesting class of models can be obtained from the AKSZ for-
malism, cf. [15, 41, 44, 30]. The AKSZ formalism is a very general technique for construct-
ing action functionals within the Batalin-Vilkovisky formalism. Here, we are interested
in merely the resulting classical theories. These are generalizations of the Chern-Simons
action functional in the sense that the corresponding Euler-Lagrange equations lead to
completely flat connective structures. That is, we are looking for actions that force the
morphism of graded manifolds a : T [1]Σ → M to be a morphism of NQ-manifolds. Ac-
cordingly, gauge transformations will turn out to be 2-morphisms of NQ-manifolds, which
can be identified with homotopies between NQ-morphisms.
Consider a symplectic NQ-manifold of degree n, (M, ω,Q), as well as a morphism of
graded manifolds a : T [1]Σ→M, where Σ is n+ 1-dimensional. Let χ be a Chern-Simons
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element, via which the Hamiltonian S of Q is transgressed to the invariant polynomial
corresponding to the symplectic form. Then the functional corresponding to the pullback
of χ,
SAKSZ =
∫
Σ
f∗(χ) , (3.17)
is the (classical) AKSZ action. For Poisson Lie algebroids, this construction yields Poisson
sigma-models [16], and for Courant algebroids we obtain Courant sigma models [41].
As a first example relevant to us, we reconstruct ordinary Chern-Simons theory in this
way. Let Σ be a three-dimensional manifold and g a Lie algebra. We regard the Lie
algebra as a symplectic NQ-manifold of degree 2 (g[1], dCE) with ω =
1
2dξ
α ∧ ωαβdξβ in
some suitable coordinates ξα. The Chern-Simons element in the relevant transgression is
χ = 12
(
ξαωαβdgξ
β − 13!ωαδf δβγξαξβξγ
)
, (3.18)
cf. section 2.5, and the corresponding AKSZ action functional is the ordinary Chern-Simons
action functional of a connection on a trivial principal bundle over Σ:
SAKSZ =
∫
Σ
f∗(χ) = 12
∫
Σ
(
(A,F )− 16(A, [A,A])
)
= 12
∫
Σ
(A,dΣA+
1
3 [A,A]) , (3.19)
where we used the facts that ωαβ encodes the Killing form and f
∗(dgξα) = Fα.
Next, let us consider the first categorification in the form of four-dimensional higher
Chern-Simons theory. Here, we start from a four-dimensional manifold Σ and let (g[1],dCE)
be the symplectic NQ-manifold of degree 3 given by T ∗[3]V [1], where V is some vector
space. This NQ-manifold was discussed in detail in section 2.4. We will again use co-
ordinates ξα on V [1] and pα in the fibers of T
∗[3]V [1]. The symplectic form reads as
ω = dξα ∧ dpα and the Hamiltonian S of the homological vector field Q given in (2.17)
reads as
S = 14 ιειQω = − 14!hβγδαξαξβξγξδ − 12gγβαξαξβpγ − 12eαβpαpβ . (3.20)
The Chern-Simons element witnessing the transgression between ω and S is given by
χ = 13 (ιεω + S) = 13
(
(dgpαξ
α − 2pαdgξα) + S
)
, (3.21)
which yields the AKSZ action functional
SAKSZ =
∫
Σ
f∗(χ)
= −
∫
Σ
[(−B, dA+ 12µ2(A,A)− 12µ1(B))+ 14!(A,µ3(A,A,A))] . (3.22)
The field content in this action functional is given by a local connective structure on a
principal 2-bundle over Σ. That is, we have a 1-form potential A = f∗(ξ) ∈ Ω1(Σ, V [1])
together with a 2-form potential −B = f∗(p) ∈ Ω2(Σ, V [2]). The additional minus sign in
front of B is inserted for convenience, to match conventions most commonly used in the
literature. Varying the action (3.22), we obtain the following equations:
0 = dA+ 12µ2(A,A)− µ1(B) = F ,
0 = dB + µ2(A,B) +
1
6µ3(A,A,A) = H ,
(3.23)
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which evidently describe a flat connective structure on a principal 2-bundle with structure
Lie 2-algebra V → W . This motivates the identification of the AKSZ action functionals
with higher Chern-Simons theories.
Note that for a strict Lie 2-algebras with µ3 = 0, we obtain the usual BF -theory. In
particular, if µ1 = id : V ∼= W → W , we arrive at a (BF + BB)-type action, cf. the
examples in [40].
The above construction can be readily extended to any metric Lie p-algebra, or equiv-
alently any NQ-manifold, or even any metric Lie p-algebroid, or its corresponding NQ
manifold. The p-algebra action is the usual
SCS =
1
n
∫
Σ
(|B|a∗(ZB)ωBA (dΣa∗(ZA) + a∗(QA))+ a∗(S)) , (3.24)
where we indicate by dΣ the exterior derivative on the (p + 2)-dimensional space-time
manifold Σ. We now wish to make contact with the traditional description of L∞-algebras
in terms of higher brackets. For this, we move again the grading |A| from the (weight-
shifted) coordinates ZA, to the (unshifted) generators of the p-algebra τˆA, cf. equation
(2.13). Coordinates now have degree zero, while |τˆA| = |A| − 1 and we group them all into
one Z =
∑
A Z
AτˆA of mixed degree. Recall that in these conventions, the products µk
carry degree k − 2. We have that
S =
p+1∑
k=1
(−1)σk
(k + 1)!
mBC1···CkZ
C1 · · ·ZCkωBAZA . (3.25)
Let us assign the nomenclature
a∗(ZA) =: φA , a∗(Z) = φAτˆA =: φAµ1···µr τˆA ⊗ dxµ1 ∧ · · · ∧ dxµr , (3.26)
where r = |A| ≤ p is the weight of the ZA coordinate. This way, taking the difference of
the N-grading and the de Rham degree, each component of φ has total degree (−1) and
thus the correct behavior under permutations inside the multi-brackets.
We can exchange the structure constants mBC1···Ck for the brackets µk:
µk(φ, . . . , φ) = µk(φ
C1 τˆC1 , . . . , φ
Ck τˆCk) = φ
C1 · · ·φCk ⊗mBC1···Ck τˆB . (3.27)
The action then becomes
SCS =
∫
Σ
(
〈φ, dΣφ〉+
p+1∑
k=1
(−1)σk
(k + 1)!
〈µk(φ, . . . , φ), φ〉
)
, (3.28)
and the equations of motion can therefore be written as
←−
∂ SCS
∂φA
= −2dMφBωBA +
p+1∑
k=1
(−1)σk
k!
µk(φ, . . . , φ)
BωBA = 0 , (3.29)
where we readily recognize the homotopy Maurer-Cartan equations4 appearing, separated
degree by degree. We shall return to a more general discussion of equations of motions of
dimensionally reduced AKSZ actions in section 6.
4cf. section 6.3
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4. Supersymmetric gauge theory with NQ-manifolds
Recall that the IKKT model is obtained by dimensionally reducing ten-dimensional maxi-
mally supersymmetric Yang-Mills theory, and we expect a similar relation between relevant
L∞-algebra models and higher gauge theories. It is therefore important to understand both
supersymmetric field theories as well as their dimensional reductions within the framework
presented in the previous sections.
4.1. Maximally supersymmetric field theories
Ordinary field theories on Minkowski space that do not involve gravity can have maximally
16 real supercharges. The representation theory of the corresponding supersymmetry alge-
bras in the various dimensions give then rise to the possible field contents, cf. [45]. Here, we
shall be interested in maximally supersymmetric Yang-Mills theories and superconformal
field theories in six dimensions.
All maximally supersymmetric Yang-Mills theories on flat d-dimensional Minkowski
space 0 ≤ d < 10, are obtained by dimensionally reducing N = 1 super Yang-Mills theory
on ten-dimensional Minkowski space R1,9 [46]. To describe this theory, consider a principal
fiber bundle over R1,9 with structure group G and connection ∇ together with a Majorana-
Weyl spinor ψ taking values in the adjoint representation of the Lie algebra g of G. The
Majorana-Weyl spinor has 16 real components and satisfies
ψ = Cψ¯T and ψ = +Γψ , (4.1)
where C is the charge conjugation operator and Γ = iΓ0 . . .Γ9, being the product of all
generators Γµ of the Clifford algebra C`(R1,9), has chiral spinors as eigenspinors.
The action of N = 1 super Yang-Mills theory reads as
S =
∫
R1,9
(−14(F, ?F ) + i2vol(ψ¯,∇/ ψ)) . (4.2)
Here, F is the curvature of the connection∇, inner products on g and its adjoint representa-
tion are denoted by (·, ·), vol is the volume form on R1,9 and ∇/ is the usual Dirac operator.
In the following, we will choose the standard basis on R1,9 and work with components
∇ = dxµ
(
∂
∂xµ
+Aµ
)
= dxµ(∂µ +Aµ) and F =
1
2Fµνdx
µ ∧ dxν . (4.3)
The equations of motion resulting from varying (4.2) read as
∇µFµν = −12 ψ¯Γνψ and ∇/ ψ = Γµ∇µψ = 0 . (4.4)
They are invariant under the supersymmetry transformations
δAµ = iε¯Γµψ and δψ = ΣµνF
µνε , (4.5)
where Σµν :=
1
4(ΓµΓν − ΓνΓµ) and ε is the Majorana-Weyl spinor parameterizing the 16
supercharges. The action (4.2) is also invariant under the supersymmetry transformations
(4.5) up to terms that vanish on-shell, i.e. after imposing the equations of motion.
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A manifestly supersymmetric formulation of the action of Yang-Mills theory with more
than four real supercharges is difficult at best, and not readily available in the maximal case
of 16 supercharges. This is due to the fact that for more than four real supercharges, we have
to keep track of an infinite number of auxiliary fields to close the supersymmetry algebra
off-shell. At the level of equations of motion, however, a superspace formulation does exist
and we will briefly review the details in the following. We start from the superspace R1,9|16
with bosonic coordinates xµ, µ = 0, . . . 9 and fermionic coordinates θα, the latter forming
a 16-component Majorana-Weyl spinor in ten dimensions. On R1,9|16, we introduce the
fermionic derivatives
Dα :=
∂
∂θα
+ Γµαβθ
β ∂
∂xµ
, (4.6)
which satisfy the algebra
{Dα, Dβ} = 2Γµαβ
∂
∂xµ
. (4.7)
The connection and curvature now have components along the fermionic directions
A = Aµdxµ +Aαdθα ,
F = 12Fµνdxµ ∧ dxν + Fµαdxµ ∧ dθα + 12Fαβdθα ∧ dθβ ,
(4.8)
where the components of the curvature along vectors X,Y on R1,9|16 are given as usual by
F(X,Y ) := ∇XY −∇YX −∇[X,Y ] . (4.9)
Moreover, the connection, its curvature and the spinor Ψ are now superfields and depend
on both xµ and θα.
Interestingly, one can show that supergauge equivalence classes of solutions to the super
Yang-Mills equations on R1,9|16 given in terms of the superfields A and Ψ,
∇µFµν = −12Ψ¯ΓνΨ and ∇/ Ψ = Γµ∇µΨ = 0 , (4.10)
are in one-to-one correspondence to gauge equivalence classes of solutions to the ordinary
super Yang-Mills equations (4.4) on R1,9 [47].
An additional advantage of the superfield formulation is the fact that the supergauge
equivalence classes of solutions to the super Yang-Mills equations on R1,9|16 given in terms
of the superfields can be equivalently described as superconnections which satisfy the fol-
lowing constraint equation [47]
{∇α,∇β} = 2Γµαβ∇µ . (4.11)
Here, the spinor superfield Ψ is identified with a curvature component according to
Ψα = 110Γ
µαβFµβ , (4.12)
and the Bianchi identities imply the superfield equations of motion (4.10). We can state
that solutions to the ten-dimensional super Yang-Mills equations are equivalent to super-
connections on R1,9|16 which are partially flat.
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As mentioned above, maximally supersymmetric Yang-Mills theories in lower dimen-
sions are obtained from the ten-dimensional theory by a simple dimensional reduction.
The components of the gauge potential along the reduced directions turn into the scalar
fields of the theory, while the Majorana-Weyl spinor ψ in ten dimensions breaks up into
corresponding spinors in lower dimensions.
A similar formulation exists of the maximally supersymmetric conformal field theory
in six dimension, which was obtained by a twistor description in [20, 21, 22]. The relevant
superspace here isR1,5|16 with coordinates xµ and ηαI , where I = 1, . . . , 4 is the R-symmetry
index, and α = 1, . . . 4 are (chiral) spinor indices. The R-symmetry group is Sp(2), regarded
as elements of SU(4) leaving invariant an antisymmetric 4× 4-matrix ΩIJ . The fermionic
derivative reads as
DIα :=
∂
∂ηαI
− 2ΩIJσµαβηβJ
∂
∂xµ
, (4.13)
and satisfies
{DIα, DJβ} = −2ΩIJσµαβ
∂
∂xµ
. (4.14)
Here, σµαβ are the analogue of the Pauli sigma matrices in six dimensions and we also intro-
duce σ¯µαβ = 14!ε
αβγδσµγδ. Consider now a principal 2-bundle over R
1,5|16 with connective
structure. The latter is described by global 1- and 2-forms, taking values in the subspaces
of degree 0 and 1 of a 2-term L∞-algebra. The resulting curvatures
F := dA+ 12µ2(A,A)− µ1(B) ,
H := dB + µ2(A,B) + 13!µ3(A,A,A)
(4.15)
have to satisfy the following constraint equations:
F = 0 ,
σµσ¯νσκHµνκ = 0 ,
(σµσ¯ν)β
γHµνIα = δγαΨIβ − 14δγβΨIα ,
σµγδHµIJαβ = εαβγδΦIJ ,
HIJKαβγ = 0 .
(4.16)
The second equation above amounts to H = ?H on the purely bosonic part of H. The other
equations identify scalar and spinor fields belonging to the N = (2, 0) supermultiplet in six
dimensions. The Bianchi identities will result in field equations together with ΩIJΦ
IJ = 0.
We will come back to this theory in section 6.
4.2. Dimensional reduction
If we want to describe maximally supersymmetric Yang-Mills theories in less than 10 di-
mensions using morphisms between NQ-manifolds, we clearly need a mechanism of di-
mensionally reducing the theory. By dimensional reduction, physicists usually mean the
process of compactifying one or several dimensions of space-time to a torus and letting its
radii shrink to zero. In this process, the fields acquire discrete momentum modes in the
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compactified directions and the energy of all modes except for the constant or zero-mode
diverges as the radii shrink. This justifies to neglect these modes in the lower-dimensional
considerations.
Let us be slightly more general in the following. We start from our usual setup of
a contractible manifold Σ and regard its parity-shifted tangent bundle T [1]Σ as an NQ-
manifold, where Q = dΣ. Consider now a set of integrable vector fields generating a
subgroup T of the isometries on our space-time manifold Σ along the directions we want to
reduce. Imposing the condition that all relevant fields and equations are invariant under
this group T amounts to dimensionally reducing our equations. Our reduction should be
compatible with the Q-structure on Σ, which will be guaranteed if the homological vector
field Q commutes with the integrable vector fields generating T.
As a simple but relevant example, consider the reduction of Σ = R1,9 with coordinates
xM , M = 0, . . . , 9 to R1,3 with coordinates xµ, µ = 0, . . . , 3. Let T ∼= R6 be the abelian
group of translations in R1,9 generated by the vector fields ∂
∂xi
, i = 4, . . . , 9. These clearly
commute with QΣ = ξ
M ∂
∂xM
, as ξM is constant. Consider now a connection on a principal
bundle over Σ encoded in a morphism of graded manifolds a : T [1]Σ→ g[1]. Imposing the
condition that the connective structure a is invariant under T restricts a to a morphism of
graded manifolds ared : T [1]R
1,3 ×R6[1] → g[1]. Correspondingly, gauge transformations
in the form of homotopies are restricted in the evident way. It is now easy to see that
ared encodes a gauge potential on R
1,3 with values in the Lie algebra g together with six
scalar fields φi in the adjoint representation of g. The lifted morphism of NQ-manifolds f
of (3.10) contains both the field strength of the gauge potential as well as the covariant
derivatives of the scalar fields.
In our above reduction, matter fields in the adjoint representation arise from extending
the tangent bundle T [1]R1,3 by additional directions. Ideally, however, we would like
matter fields to appear from extending g[1] to an action Lie algebroid instead. Let us
comment on this point in the following.
Given an action B of a Lie group G on some manifold X, we have a corresponding action
Lie groupoid X//G which is G × X ⇒ X, where s(g, x) = x and t(g, x) = g B x for all
(g, x) ∈ G×X. We are interested in the case where X = gn = Lie(G)n and B is the adjoint
(and diagonal) action of G on gn. The corresponding action Lie algebroid Lie(X//G) is the
trivial bundle E = gn × g→ gn, where the anchor is implicit in the action of g on gn. The
corresponding NQ-manifold is given by E[1] and the differential Q is simply the sum of the
anchor map and the Chevalley-Eilenberg differential of g.
A morphism of graded manifolds φ : R6[1] → g[1] is necessarily linear and therefore
characterized by a matrix φαi , α = 1, . . .dim(g), i = 1, . . . 6. This matrix also encodes a map
φ˜ : ∗ → g6. Therefore the reduced morphism of graded manifolds ared : T [1]R1,3×R6[1]→
g[1] can be regarded as a morphism of graded manifolds a′red : T [1]R
1,3 → g6 × g[1], where
g6 × g[1] is the total space of the action Lie algebroid discussed above for n = 6. Gauge
symmetries act evidently appropriately, and the morphism of NQ-manifolds f of (3.10)
still encodes both the curvature of the gauge potential as well as the covariant derivative
of the scalar field.
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4.3. Supersymmetric gauge theories using NQ-manifolds
We now have everything at our disposal to implement supersymmetric field theories in
the NQ-manifold picture. A na¨ıve approach would be to introduce all component fields
by hand. It is, however, much more natural to use the superfield formalism introduced in
section 4.1. As stated before, we will not be able to write down manifestly supersymmetric
actions, as off-shell formulations for supersymmetric theories with more than four real
supercharges are cumbersome at best and usually not available at all.
We start from the superspace Σ = R1,9|16 together with its parity shifted tangent
bundle T [1]Σ. Note that we are considering a bigrading: the shift happens in a different
N-grading from the Z2-grading of the superspace Σ. Recall that an object with bidegree
(p, q), p ∈ N and q ∈ Z2 is even if p + q is even and odd otherwise. We choose local
coordinates xµ, µ = 0, . . . , 9, and θα, α = 1, . . . , 16 on the base of T [1]Σ, which are even
and odd, respectively, as well as coordinates ξµ and tα in the fibers of T [1]Σ, which are
odd and even, respectively. The homological vector field reads therefore as
QΣ = ξ
µ ∂
∂xµ
+ tα
∂
∂θα
. (4.17)
A morphism of graded manifolds (which we assume to merely respect the N-grading)
a : T [1]Σ→ g[1] now encodes a gauge potential on R1,9 together with a spinor field on the
same space in the adjoint representation of g[1], which form the field content ofN = 1 super
Yang-Mills theory in ten dimensions. The equations of motion are now readily imposed in
the form of constraint equation (4.11). We demand that
f∗(dgwa) (Dα, Dβ) = 0 , (4.18)
where wa are coordinates on g[1] and Dα are the fermionic derivatives introduced in (4.6).
To obtain lower dimensional maximally supersymmetric Yang-Mills theories, we have
to dimensionally reduce the above picture. Let us consider the case of N = 4 super
Yang-Mills theory in somewhat more detail. Here, we reduce by factoring out the abelian
group generated by the integrable vector fields ∂
∂xi
, i = 4, . . . , 9. This reduces Σ to Σred =
T [1]R1,3|16×R6[1]. The space R1,3|16 is now coordinatized by xµ, µ = 0, . . . , 3 and θiα, θ¯α˙i ,
where i = 1, . . . , 4 and α, α˙ = 1, 2. Again, we shift from a morphism of N-graded manifolds
ared : Σred → g[1] to a morphism a′red : T [1]R1,3|16 → Lie(g6//G), where Lie(g6//G) is the
action Lie algebroid of the diagonal adjoint action of G on g6. The equations of motion are
now imposed by demanding a dimensionally reduced form of (4.18):
f∗(dEwa)
(
D(αi, Dβ)j
)
= 0 ,
f∗(dEwa)
(
D¯i(α˙, D¯
j
β˙)
)
= 0 ,
f∗(dEwa)
(
Dαi, D¯
j
β˙
)
= 0 ,
(4.19)
where Dαi and D¯
i
α˙ are dimensional reductions of the fermionic derivatives Dα of (4.6) and
wa are coordinates in the total space of E := Lie(g6//G).
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As a side remark, note that one can similarly describe N = 4 self-dual Yang-Mills
theory in four dimensions [48]. This theory has the same supermultiplet as N = 4 super
Yang-Mills theory, but the anti-selfdual field strength is replaced by an auxiliary field of
helicity -1. Its equations of motion comprise F = ?F together with equations for the
remaining fields in the multiplet. They are invariant under the chiral part of the N = 4
supersymmetry algebra (i.e. under 8 supercharges). In this case, the equations of motion
can be encoded on the NQ-manifold T [1]R1,3|8 → Lie(g6//G) arising from T [1]R1,3|8×R6[1]
as above as follows:
f∗(dEwa)(∂α(α˙, ∂ββ˙)) = 0 , f
∗(dEwa)(Di(α˙, ∂ββ˙)) = 0 , f
∗(dEwa)(Di(α˙, D
j
β˙)
) = 0 , (4.20)
where ∂αα˙ is the coordinate derivative in spinor notation: ∂αα˙ ∼ σµαα˙ ∂∂xµ .
Fully analogously, we obtain a description of the six-dimensional superconformal field
theory. Here, we start from the supermanifold Σ = R1,5|16 with coordinates as introduced
in section 4.1. The NQ-manifold describing the gauge structure is a 2-term L∞-algebra
V [2] → W [1] with local coordinates vm and wα. A morphism of N-graded manifolds
a : T [1]Σ → V [2] ×W [1] captures the local connective structure of a principal 2-bundle
over Σ, as well as spinor and scalar superpartners, cf. [20, 21, 22]. The relevant constraint
equations comprise
f∗(dW [1]wa) = 0 and σµσ¯νσκf∗(dV [2]vm)
(
∂
∂xµ
,
∂
∂xν
,
∂
∂xκ
)
= 0 . (4.21)
The first equation yields a vanishing fake curvature (i.e. the 2-form part F of the curvature
f vanishes), while the second equation implies self-duality of the 3-form part H of f as
well as the corresponding supersymmetric matter field equations.
5. Nambu-Poisson and multisymplectic manifolds
5.1. The IKKT model and emergent geometry
The Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) model [2, 3] is the 0-dimensional field
theory or matrix model
SIKKT = α tr
(−14 [Xµ, Xν ]2 − 12 ψ¯Γµ[Xµ, ψ] + β1) , (5.1)
where Xµ are scalar fields obtained by Kaluza-Klein reduction of a gauge potential on R
1,9
and ψ are their superpartners, both taking values in u(H), where H is a Hilbert space with
countable dimension. Often, we are interested in deformations of this model arising from
turning on background fluxes. A prominent such deformation is
Sdef = SIKKT + tr
(
−12
∑
µ
m21,µXµXµ +
i
2m2ψ¯ψ + cµνκX
µXνXκ
)
. (5.2)
The IKKT model can be obtained by regularizing the Schild action of the type IIB
superstring with target R1,9. In this action, sigma model fields, Poisson brackets and
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integrals appear, which can be regularized by matrices, Lie brackets and traces. This
process amounts to replacing the Poisson manifold R1,9 with a quantization in terms of
ten-dimensional Moyal space. Alternatively, dimensionally reducing maximally supersym-
metric Yang-Mills theory on R1,9 to zero dimensions also yields the IKKT model.
This model has been suggested as a background independent formulation of string
theory. For a truly background independent formulation, ten-dimensional Minkowski space
still features uncomfortably prominently in the IKKT model. On the other hand, this is due
to the IKKT model being the most symmetric zero-dimensional model with 32 supercharges
(including κ-symmetry).
5.2. Nambu-Poisson structures
The IKKT model is particularly attractive as quantized spacetimes “emerge” as solutions
of the model. Moreover, small fluctuations of these solutions can be interpreted as gauge
field theories on the corresponding quantized spacetimes [49]. One might now go a step
further and ask to what extent there is a dynamics of these quantized spacetimes, see [4, 5]
and references therein.
A strong limitation is given by the fact that geometrically quantized manifolds arising
as solutions to the IKKT model are automatically Ka¨hler. To get arbitrary manifolds, one
is naturally led to generalizations of the IKKT model involving Nambu-Poisson structures
[12, 13]. This is very much in agreement with string theory considerations, which show that
the generalized Schild action for higher branes can be reformulated in terms of Nambu-
Poisson brackets, too [50]. Also, recall that the Bagger-Lambert-Gustavsson M2-brane
model [7, 8] is based on a 3-Lie algebra5, which can be regarded as a quantized Nambu-
Poisson structure.
A Nambu-Poisson structure of rank n on a manifold M is a multivector field pi ∈
Γ(∧nTM) such that the Nambu-Poisson bracket
{f1, . . . , fn} = pi(df1, . . . ,dfn) , fi ∈ C∞(M) , (5.3)
satisfies the fundamental identity
{f1, . . . , fn−1, {g1, . . . , gn}} =
{{f1, . . . , fn−1,g1}, . . . , gn}}+ . . .+ {g1, . . . , {f1, . . . , fn−1, gn}} ,
(5.4)
cf. [51, 52]. One can show [53] that in a neighborhood of points p ∈ M , where pi(p) 6= 0,
there exist local coordinates x1, . . . , xn, xn+1, . . . , xd, d = dim(M), such that
pi =
∂
∂x1
∧ . . . ∧ ∂
∂xn
. (5.5)
Conversely, a multivector field that is locally of this form yields a Nambu-Poisson structure
on M .
5not to be confused with a Lie 3-algebra
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Note that Nambu-Poisson structures form n-Lie algebras in the sense of [54] and there-
fore naturally yield strict p-term L∞-algebras with p = n − 1, cf. the discussion in [55].
Here, however, we are interested in semistrict p-term L∞-algebras and do not follow this
connection any further.
Given a Nambu-Poisson structure of rank n on some manifold M , we can associate to
every antisymmetric p-tuple of functions f• = f1 ∧ . . . ∧ fp ∈ ∧pC∞(M) a Hamiltonian
vector field Xf• via
Xf•(g) := {f1, . . . , fp, g} (5.6)
for all g ∈ C∞(M) [53]. One can readily verify that the fundamental identity (5.4) is
equivalent to demanding that LXf•pi = 0, cf. e.g. [56].
In order to generalize the IKKT model to an extended model which is a regularization
of a sigma-model involving Nambu-Poisson brackets, we need a quantization of Nambu-
Poisson structures. This is a very subtle problem and for a detailed discussion from our
point of view, we refer to [57] and references therein. Here, let us merely recall that in
geometric quantization, the Hamiltonian vector fields are to be lifted to an algebra of
quantum observables. One might therefore be led to interpreting the Lie algebra of the
above defined Hamiltonian vector fields as the algebra of quantum observables on quantized
Nambu-Poisson manifolds. As we shall explore now, there is more structure on the space
of multifunctions ∧p
C
C∞(M) that underlies these vector fields, and it seems more natural
to quantize these structures instead.
Using the Hamiltonian vector field (5.6), we can define a product on ∧p
C
C∞(M) [58]:
f• ∗ g• :=
p∑
k=1
g1 ∧ . . . ∧Xf•(gk) ∧ . . . ∧ gp
=
p∑
k=1
g1 ∧ . . . ∧ {f1, . . . , fp, gk} ∧ . . . ∧ gp .
(5.7)
This product satisfies the Jacobi identity
f• ∗ (g• ∗ h•) = (f• ∗ g•) ∗ h• + g• ∗ (f• ∗ h•) , (5.8)
and thus we have a Leibniz algebra structure on ∧p
C
C∞(M). This Leibniz algebra induces a
Lie algebra structure on the set of Hamiltonian vector fields since the fundamental identity
directly translates into the relation
[Xf• , Xg• ] = Xf•∗g• , (5.9)
where [−,−] denotes the Lie bracket of vector fields.
We can now antisymmetrize the product to obtain a generalization of a Lie structure
[59, 60]. We define
pi2(f•, g•) = 12(f• ∗ g• − g• ∗ f•) , (5.10)
which also yields
[Xf• , Xg• ] = Xpi2(f•,g•) . (5.11)
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The antisymmetrization of ∗ to pi2 clearly broke the Jacobi identity (5.8), and because
of (5.11), the failure to satisfy the Jacobi identity is an element of the kernel of X− :
∧p
C
C∞(M)→ X(M). Therefore, the usual discussion in the literature proceeds to define a
set of Casimir multifunctions C (M) which form the kernel of the map X−. The map X−
then becomes a Lie algebra isomorphism between ∧p
C
C∞(M)/C (M) and the Lie algebra
of Hamiltonian vector fields.
Knowing about the relevance of L∞-algebras and the controlled violation of the Jacobi
identity, we do not follow this route but work with the space ∧p
C
C∞(M) together with
the products ∗ and pi2. Indeed, we can define the following brackets, turning C (M)↪→
∧p
C
C∞(M) into a 2-term L∞-structure: pi1 : C (M)↪→ ∧pC C∞(M) is just the embedding,
pi2 is defined on C (M)∧ (∧pCC∞(M)) and (∧pCC∞(M))∧ (∧pCC∞(M)) as the above pi2 and
pi3 is defined implicitly via
pi2(f•, pi2(g•, h•)) + pi2(g•, pi2(h•, f•)) + pi2(h•, pi2(f•, g•)) = pi1(pi3(f•, g•, h•)) . (5.12)
This 2-term L∞-algebra is rather uninteresting and instead of dwelling further on it, let us
come to more relevant structures.
5.3. Heisenberg Lie p-algebra
A more interesting picture emerges after restricting to multifunctions Hp(M) within
∧p
C
C∞(M), which consist of linear and constant functions in some local coordinates xi,
i = 1, . . . , d, d = dim(M). This is sensible, as this set of operators forms a complete set
of classical observables. Knowing the value of these observables, we know the value of all
classical observables (i.e. functions on M). We further assume that these coordinates are
the ones in which the Nambu-structure decomposes, i.e.
pi =
∂
∂x1
∧ . . . ∧ ∂
∂xn
. (5.13)
We immediately extend the picture to the complex
R ↪−→ H1(M) µ1−−−→ H2(M) µ1−−−→ . . . µ1−−−→ Hp(M) ( X−−−−→ X(M)) , (5.14)
where µ1(f•) := 1 ∧ f•, with µ1 ◦ µ1 = 0 obvious. As indicated by the parentheses, we
can regard this complex as a resolution of X(M). Using theorem 7 of [61] together with
the second remark after that theorem, we conclude that this complex can be endowed with
a p-term L∞-structure. We call the resulting L∞-algebra the Heisenberg Lie p-algebra
H•(M) of the Nambu-Poisson manifold M .
In fact, one can readily define the explicit brackets and these will be useful in the
subsequent discussion. We introduce the basis elements
ϑi1...im := εi1...imj1...jn−mx
j1 ∧ . . . ∧ xjn−m ∈ Hn−m(M) ,
ζi1...im := εi1...imj1...jn−m1 ∧ xj1 ∧ . . . ∧ xjn−m ∈ Hn−m+1(M) ,
(5.15)
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where again p = n − 1. The product pi2 on ∧pC∞(M) restricts to the following products
on Hp(M):
µ2(ϑi, ϑj) = (−1)pεijk1...kp−11 ∧ xk1 ∧ . . . ∧ xkp−1 , µ2(ϑi, ζjk) = µ2(ζij , ζk`) = 0 . (5.16)
We put all other µk for k ≥ 2 to zero except for
µk(ϑi1 , ϑi2 , . . . , ϑik) := (−1)σkεi1···ikik+1···in1 ∧ xik+1 ∧ · · · ∧ xin , (5.17)
for ϑl ∈ Hp(M). It is trivial to check that the higher homotopy relations are satisfied.
Since this L∞-algebra is finite-dimensional, we can formulate it also in terms of an
NQ-manifolds. The underlying graded vector space is
0←− R(d+1p )[1]←− R(d+1p−1)[2]←− . . .←− R(d+11 )[p]←− 0 (5.18)
with local coordinates (ϑˇi1...ij ) and (ζˇi1...ij ), and the homological vector field Q is given by
Q =
p+1∑
k=2
(−1)(k+12 )ϑˇi1 ϑˇi2 . . . ϑˇik ∂
∂ζˇi1i2...ik
+
p+1∑
j=2
ϑˇi1...ij
∂
∂ζˇi1...ij
. (5.19)
Here, the first and the second sum correspond to µk for k ≥ 2 and µ1, respectively. This
Heisenberg Lie p-algebra is, however, just a part of a much more interesting structure,
which is obtained by switching to a dual picture in terms of multisymplectic geometry.
5.4. Multisymplectic manifolds
Just as Poisson structures that provide a non-degenerate map from T ∗xM to TxM yield
symplectic structures, Nambu-Poisson structures that provide non-degenerate maps from
∧pT ∗xM to TxM yield multisymplectic structures. Recall that a multisymplectic form of
degree n or a p-plectic form on a manifold M is a closed form $ ∈ Ωn(M) such that ιX$ = 0
is equivalent to X = 0 for all X ∈ X(M). Note that while a symplectic form on M always
gives rise to Poisson structures on C∞(M), multisymplectic forms do not necessarily give
rise to Nambu-Poisson structures. If, however, the multisymplectic form $ arises from a
volume form on M regarded as a map ∧pTM → T ∗M , then the inverse map is given by a
multivector field which encodes a Nambu-Poisson structure. Inversely, if a Nambu-Poisson
structure pi is non-degenerate in the sense that its corresponding multivector field provides
a non-degenerate map pi : ∧pT ∗M → TxM for all x ∈ M , then its inverse is necessarily a
volume form and therefore a multisymplectic form on M . This follows from the results of
[53]. In the following, we will be mostly interested in this non-degenerate case.
Given a manifold with a multisymplectic form $ of degree n = p+ 1, we can define a
set of Hamiltonian (p− 1)-forms Ωp−1Ham(M), which consists of those forms α for which
ιXα$ = dα (5.20)
for some Xα ∈ X(M). Consider now the case that $ is the inverse of a Nambu-Poisson
structure pi. There is a natural map δ : ∧p
C
C∞(M)→ Ωp−1(M) defined as
δ(f1 ∧ f2 ∧ . . . ∧ fp) := 1
p!
εi0 i1...ipfi1dfi2 ∧ . . . ∧ dfip . (5.21)
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We then have the identity
Xpif• = X
$
δ(f•) . (5.22)
That is, the Hamiltonian vector field for an element f• ∈ ∧pCC∞(M) computed with respect
to the Nambu-Poisson structure pi agrees with that of δ(f•) computed with respect to the
multisymplectic structure $. This is clear because
Xpif• = pi(df1, . . . ,dfp,−) and ιX$δ(f•)$ = df1 ∧ df2 ∧ . . . ∧ dfp . (5.23)
The products ∗ and pi2(−,−) we introduced above on ∧pCC∞(M) turn into products ∗
and pi2(−,−) on the Hamiltonian (p− 1)-forms as follows:
δ(f• ∗ g•) = δ(f•) ∗ δ(g•) := LX$δf• δ(g•) ,
δ(pi2(f•, g•)) = pi2(δ(f•), δ(g•)) := −ιX$
δ(f•)
ιX$
δ(g•)
$ .
(5.24)
The products on Hamiltonian p−1-forms have been introduced before [62] and in [14], they
were called the hemi-bracket and the semi-bracket, respectively. Altogether, we recovered
the Lie algebra of Hamiltonian vector fields and the additional product structure also in
the multisymplectic case.
Note that the above products ∗ and pi2(−,−) on Hamiltonian (p − 1)-forms can be
defined on arbitrary multisymplectic manifolds:
α ∗ β := LXαβ and pi2(α, β) := −ιXαιXβ$ (5.25)
for α, β ∈ Ωp−1Ham(M). The product ∗ satisfies the Leibniz rule, but it is not antisymmetric.
The product pi2 is antisymmetric but does not satisfy the Jacobi identity. The latter
product is interesting to us and it can be extended to an n-term L∞-algebra on
R ↪−→ C∞(M) d−−→ Ω1(M) d−−→ . . . d−−→ Ωn−3(M) d−−→ Ωp−1Ham(M) , (5.26)
as shown in [63] using results of [61]. The brackets here are given by µ1 = d and the other
brackets all vanish except for
µk(α1, . . . , αi) = (−1)(
k+1
2 )ιXα1 . . . ιXαk$ , 2 ≤ k ≤ n , (5.27)
for αi ∈ Ωp−1Ham(M). We will refer to this L∞-algebra as the strong homotopy Lie algebra of
local observables, or shlalo for short.
When we restrict ourselves to forms which are constant or linear in the coordinates
and minimally complete this set to a closed Lie p-algebra with respect to the original
brackets, we obtain the Heisenberg Lie p-algebra on the corresponding complexes. One
readily sees that for multisymplectic manifolds whose multisymplectic form arises from
a Nambu-Poisson structure, the restricted shlalo is isomorphic to the Heisenberg Lie p-
algebra of the Nambu-Poisson structure.
As a nontrivial example of a 2-plectic manifold, consider the natural 2-plectic structure
on a compact simple Lie group G given by [64]
$(X,Y, Z) = 〈X, [Y, Z]〉+ 〈Y, [Z,X]〉+ 〈Z, [X,Y ]〉 (5.28)
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for X,Y, Z ∈ X(G), where 〈−,−〉 is the appropriately normalized Killing form and [−,−] is
the Lie bracket on the Lie algebra of G. From this 2-plectic structure, we obtain an infinite
dimensional Lie 2-algebra. Moreover, the sub Lie 2-algebra of G-left-invariant one-forms is
the string Lie 2-algebra of G [65].
There is an interesting connection between symplectic NQ-manifolds and shlalos of
multisymplectic manifolds. As shown in [66], Courant algebroids, i.e. symplectic NQ-
manifolds concentrated in degrees 0, 1 and 2, come with a natural 2-term L∞-algebra.
In the special case of twisted Vinogradov algebroids, this 2-term L∞-algebra contains an
L∞-subalgebra, which is isomorphic to the shlalo of a 2-plectic manifold [67]. Later, this
picture was extended, and the general statement is the following. Given a p-plectic manifold
(M,$), one can construct the Vinogradov algebroid T ∗[p]T [1]M over M twisted by $, cf.
[18], which comes naturally with a p-term L∞-algebra [68, 69]. This L∞-algebra then
contains an L∞-subalgebra which is isomorphic to the shlalo of the p-plectic manifold M
[26].
5.5. Quantization and emergence of multisymplectic manifolds
While a full procedure for quantizing multisymplectic manifolds has yet to be developed,
it is not difficult to infer some of its desired properties as done in [6]. This will be sufficient
for our subsequent discussion.
Essentially, classical quantization consists of a Lie algebra homomorphism to first order
in ~, which maps the Poisson algebra of smooth functions on a Poisson manifold to a Lie
algebra of quantum observables. Here, ~ is a parameter that governs the quantization.
From our above discussion, it seems clear that the Poisson algebra of smooth functions
should be replaced by the p-term L∞-algebras arising on Nambu-Poisson manifolds with
non-degenerate Nambu-Poisson tensor of rank n = p + 1. These form the shlalo of the
corresponding p-plectic manifold. Therefore, a quantization is an L∞-algebra homomor-
phism to first order in ~ mapping this shlalo to an L∞-algebra of multisymplectic quantum
observables. This approach is in line with that of [70, 71, 72].
There are now essentially two possibilities for defining homomorphisms of p-term L∞-
algebras, see [26] for a very detailed discussion. We can simply regard them as graded
vector spaces endowed with brackets and demand that a homomorphism is a chain map of
the underlying graded vector spaces which commutes with all the brackets in the obvious
way. On the other hand, one might want to regard p-term L∞-algebras as Lie p-algebras,
and correspondingly as p-categories. Then a homomorphism should be a weak p-functor
between the underlying categories. The latter is also very reasonable from regarding L∞-
algebras as NQ-manifolds, because it corresponds to morphisms of NQ-manifolds. In [6],
however, all interesting results were obtained from the former approach and we therefore
restrict to chain maps in the following.
In classical quantization, the quantization homomorphism up to first order in ~ often
restricts to an exact homomorphism of Lie algebras on the Heisenberg algebra. Moreover,
we say that a Ka¨hler manifold is a vacuum solution of a set of equations of motion if the
generators of its Heisenberg algebra (i.e. the subalgebra of the Poisson algebra consisting
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of linear and constant functions) provide a non-trivial solution to these equations.
We expect to see the same in higher quantization. That is, the quantization homomor-
phism up to first order in ~ should restrict in the relevant cases to an exact homomorphism
of L∞-algebras on the Heisenberg Lie p-algebra H•(M). In particular, by saying that a
multisymplectic manifold of rank n is a vacuum solution of a set of equations of motion,
we mean that these equations are non-trivially solved by the generators of the Heisenberg
Lie p-subalgebra of the shlalo of the manifold.
As in the case of the IKKT model, we will often rely on embeddings of our multi-
symplectic manifolds into flat Euclidean space and use the Heisenberg algebra in these
coordinates. For example, the fuzzy sphere arises as a solution of the IKKT model with a
3-form background field as a quantization of the Heisenberg algebra [73, 74]
{xi, xj} = εijkxk , (5.29)
where xi are Cartesian coordinates on R3 with |x| = 1, describing S2 as being embedded
into R3. The corresponding picture for S3 was given in [6] and below, we generalize this
to arbitrary Sn, n ≥ 2.
5.6. Central Lie p-algebra extensions of so(n+ 1)
Consider the sphere Sn embedded in Rn+1 as |x| = 1. We would like to determine the
corresponding Heisenberg Lie p-algebra H•(Sn) in terms of the Cartesian coordinates xi.
All our equations below hold modulo |x|2 = 1. The generators of the Heisenberg Lie
n-algebra are
1 , xµ , xµ1xµ2 , . . . , xµ1 . . . xµp ,
dxµ , xµ1dxµ2 , . . . , xµ1 . . . xµp−1dxµp ,
dxµ1 ∧ dxµ2 , . . . , xµ1 . . . xµp−2dxµp−1 ∧ dxµp ,
. . .
ϑµν :=
1
2εµνλ1...λpx
λ1dxλ2 ∧ . . . ∧ dxλp .
(5.30)
Note that all generators are central except for ϑµν . To calculate the higher brackets, note
that the volume form of Sn reads as
volSn =
1
n!εµ1...µn+1x
µ1dxµ2 ∧ . . . ∧ dxµn+1 =: $ . (5.31)
The Hamiltonian vector fields Xϑµν = X
κ
ϑµν
∂
∂xκ should be in TS
n and therefore Xκϑµνx
κ = 0.
To determine Xϑµν , we use the equation ιXϑµν$ = dϑµν in the form
xκ ∧ dxκ ∧ (ιXϑµν volSn) = xκ ∧ dxκ ∧ dϑµν . (5.32)
Using the usual identities for the totally antisymmetric tensors of so(n+ 1), we find that
Xϑµν = x
µ ∂
∂xν
− xν ∂
∂xµ
, (5.33)
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and the Lie algebra of Hamiltonian vector fields is so(n+ 1), as expected. The Heisenberg
Lie p-algebra product pi2 reads as
pi2(ϑµν , ϑκλ) = δνκϑµλ − δµκϑνλ − δνλϑµκ + δµλϑνκ + pi1(Rµνκλ) , (5.34)
where6 in the case n = 3,
Rµνκλ =
1
4
(
ενκλρx
ρxµ − εµκλρxρxν + εκµνρxρxλ − ελµνρxρxκ
)
. (5.35)
Altogether, we see that the Heisenberg Lie p-algebra of Sn is a central extension of the Lie
algebra so(n+ 1) to a Lie p-algebra.
This result matches an important expectation: In the case n = 3, the resulting Lie 2-
algebra agrees at the level of vector spaces with the 3-Lie algebra A4 underlying the BLG
model [7, 8]; see also [55] and [75] for connections of this model with higher gauge theory.
6. L∞-algebra models
In our previous paper [6], we distinguished between homogeneous Lie 2-algebra models,
in which the fields were simply elements of a 2-term L∞-algebra and inhomogeneous Lie
2-algebra models, in which each field was an element of a homogeneously graded subspace
of an L∞-algebra. The homogeneous models form a special case of the inhomogeneous ones
and have a larger symmetry group.
We will start by discussing homogeneous L∞-algebra models of Yang-Mills type, before
continuing with the inhomogeneous L∞-algebra models arising from a dimensional reduc-
tion of the gauge part of the six-dimensional (2, 0)-theory. We then show how dimensionally
reduced higher Chern-Simons theories provide a unifying picture.
6.1. Homogeneous L∞-algebra models of Yang-Mills type
As a simple example of a homogeneous L∞-algebra model, we consider fields XI , I =
1, . . . , N taking values in a metric L∞-algebra L together with the following obvious gen-
eralization of the IKKT action:
S = 14
(
µ2(X
I , XJ),µ2(X
I , XJ)
)
+ 12m(X
I , XI)
+
∑
i≥3
(−1)σi
i!
cI1...Ii
(
XI1 , µi−1(XI2 , . . . , XIi)
)
,
(6.1)
where the outer brackets denote the cyclic inner product, m is a mass term and the cI1...Ii
are constants, possibly arising from background fluxes in string or M-theory. The corre-
sponding equations of motion are readily derived varying (6.1) and using (2.16):
µ2(X
I , µ2(X
J , XI)) +mXJ +
∑
i≥2
(−1)σicJI2...Iiµi−1(XI2 , . . . , XIi) = 0 . (6.2)
6Note that our paper [6] contained an typographical error, and the last two signs of Rµνκλ were inter-
changed in the discussion of S3.
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We now briefly generalize the special cases and their solutions discussed in [6] for
homogeneous Lie 2-algebra models to L∞-algebra models.
If m and all background fluxes cI1...Ii vanish, we readily obtain a solution from the
Heisenberg algebra H•(Rn) of Rn, regarded as a p-plectic manifold with the multisymplec-
tic form being the volume form. In Cartesian coordinates, we introduce the Hamiltonian
(p− 1)-forms
ϑi =
1
p!εik0...kp−1x
k0dxk1 ∧ . . . ∧ dxkp−1 , (6.3)
where εi1...in it the totally antisymmetric invariant tensor of so(n). The corresponding
Hamiltonian vector fields are ∂
∂xi
≡ ∂i and
pi2(ϑi, ϑj) = −ι∂iι∂j$ . (6.4)
Because the latter is central in H•(Rn), putting Xi = ϑi for i = 1, . . . , n and XI = 0
otherwise, yields a solution to (6.2) for m = c = 0. Note that for n = 2, this is actually
the usual way of obtaining the Moyal plane as a solution from the IKKT model. If n is
small enough compared to N , we can also consider Cartesian products of multisymplectic
manifolds, just as Cartesian products of the Moyal plane solve the IKKT model.
There are now two complementary choices of parameters m and c, which lead to solu-
tions of (6.2) built from the Heisenberg Lie p-algebra of the spheres Sn, which we computed
above in section 5.6. The field configuration XI we are interested in are given by
XI = (ϑ12, . . . , ϑ1(d+1), ϑ23, . . . , ϑ2(d+1) . . . , ϑd(d+1), 0, . . . , 0) , (6.5)
for which
µ2(X
I , µ2(X
J , XI)) = 4(n+ 2)XJ . (6.6)
Then (6.5) solves (6.2) with non-trivial mass
m = −4(n+ 2) . (6.7)
It is clear that one can similarly choose non-trivial (n + 1)-form fluxes ci1...in+1 or use a
combination of mass and (n+ 1)-form fluxes to obtain the spherical solutions (6.5).
Again, in the case n = 2 of a symplectic form $, this is the usual way of obtaining the
fuzzy sphere as a solution of the mass or flux-deformed IKKT model. Cartesian products
of spherical solutions can certainly be obtained, too, and they can also be generalized to
products involving spheres and flat space.
6.2. L∞-algebra model of the (2, 0)-theory
The maximally superconformal field theory in six dimensions, or (2, 0)-theory for short, is
in many ways the six-dimensional analogue of N = 4 super Yang-Mills theory. Since the
dimensional reduction of the latter yields the IKKT model, it is natural to ask what the
dimensional reduction of the former might lead to.
Recall that the field content of the (2, 0)-theory consists of a tensor multiplet containing
a 2-form gauge potential with self-dual curvature 3-form. While even the existence of a
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classical description of the non-abelian (2, 0)-theory is still an open question, we can make
an obvious na¨ıve guess. We simply consider higher gauge theory capturing the parallel
transport of one-dimensional objects, which are supposed to correspond to the self-dual
strings in the (2,0)-theory. Starting from a 2-term L∞-algebra g = W ⊕ V , we have a
potential one-form A taking values in W and a potential 2-form B taking values in V .
These come with curvatures
F = dA+ 12µ2(A,A)− µ1(B) and H = dB + µ2(A,B) + 13!µ3(A,A,A) , (6.8)
which we demand to be fake-flat and self-dual, respectively:
F = 0 , H = ?H . (6.9)
We then dimensionally reduce this theory to zero dimensions to obtain an inhomogeneous
Lie 2-algebra model with equations of motion7
µ2(XM , XN )− µ1(YMN ) = 0 ,
µ2(X[M , YNK]) +
1
3µ3(XM , XN , XK) =
1
3!εMNKPQR
(
µ2(X
P , Y QR) + 13µ3(X
P , XQ, XR)
)
(6.10)
with XM ∈ W and YMN ∈ V . Note that the first equation implies that µ2(XM , XN ) is
cohomologically trivial.
This model is solved by the Heisenberg Lie 2-algebra of R1,2 ×R3 as follows. In terms
of Cartesian coordinates x0, . . . x5 on this space, this Heisenberg Lie 2-algebra is the direct
sum of the Heisenberg Lie 2-algebras of R1,2 and R3. The latter two are in fact isomorphic
and we define generators
1 , xi , dxi , ζi :=
1
2εijkx
jdxk , i, j, k = 0, 1, 2 ,
1 , xa , dxa , ϑa :=
1
2εabcx
bdxc , a, b, c = 3, 4, 5 ,
(6.11)
We now put, for i+ 3 = a,
Xi = ζi , Xi+3 = ϑa and Yij = εijkdx
k , Yia = Yaj = 0 , Yab = εabcdx
c . (6.12)
This clearly solves (6.10). This is fully expected, since it is the categorified lift of the fact
that noncommutative Minkowski space, as far as it can be sensibly defined, is a solution
of the IKKT matrix model.
6.3. L∞-algebra models from higher Chern-Simons theory
Let us now come to a dimensional reduction of higher Chern-Simons theory. That is, we
consider the AKSZ action (3.17) and dimensionally reduce it to a point. For this, we can
follow the procedure outline in section 4.2.
We start from an n + 1-dimensional contractible manifold Σ and a symplectic NQ-
manifold M of degree n concentrated in positive degrees. Gauge configurations here are
7We use weighted antisymmetrization: ε[ijk] = ε[ij]k = εijk, etc.
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described by morphisms f of NQ-manifolds from T [1]Σ to T [1]M with f∗ ◦ dW = dΣ ◦ f∗.
After the dimensional reduction, this is reduced to a morphism of NQ-manifolds from
R
n+1[1], endowed with the trivial homological vector field, to T [1]M with f∗◦(Q+dM) = 0.
The AKSZ action therefore reduces to possibly the most natural choice: a pullback to
R
n+1[1] of the Hamiltonian S of the homological vector field Q on M:
SAKSZ,0 = f
∗(S) with S =
n+1∑
k=1
(−1)σk
(k + 1)!
mBC1···CkZ
C1 · · ·ZCkωBAZA , (6.13)
where ZA are coordinates on the vector spaceM. The pullback f∗(Z) can be decomposed
according to φ := f∗(Z) =
∑
k≥1 σkϕ(k) = A − B + . . ., where σk is a factor inserted for
convenience, cf. (2.12), and ϕ(k) take values in M[−1]k and are therefore homogeneous
polynomials of degree k in the Graßmann coordinates parameterizing Rn+1[1]. In terms of
φ, the reduced AKSZ action reads now as follows:
SAKSZ,0 = − 1
n+ 1
(
φ,
n∑
k=1
(−1)σk
(k+1)! µk(φ, . . . , φ)
)
, (6.14)
where the inner product is a combination of the inner product on the original L∞-algebra
and a projection of the product of the two entries onto the top component in terms of the
Graßmann coordinates.
It is now only natural to generalize the action (6.14) to a homotopy Maurer-Cartan
action ShMC in which φ is an element of arbitrary degree in an arbitrary L∞-algebra.
Such actions are relevant e.g. in the context of string field theory, cf. [32]. The resulting
equations of motion, ∑
i
(−1)σk
k!
µk(φ, . . . , φ) = 0 , (6.15)
are known as the homotopy Maurer Cartan equations [31]. They are invariant under the
gauge transformations [31], see also [32]:
φ→ φ+ δφ with δφ =
∑
k
(−1)σk−k
(k − 1)! µk(γ, φ, . . . , φ) , (6.16)
where γ is a degree 0 element of the L∞-algebra under consideration.
Because of the canonical choice of the action ShMC, the only input data into our model
is the symplectic NQ-manifold, whose degree and dimensionality fixes completely the fields.
This strict limitation of input data is a very appealing feature of this type of L∞-algebra
model.
6.4. Homotopy Maurer-Cartan equations and physically motivated models
Let us now briefly connect the homotopy Maurer-Cartan equation to physically relevant
models. There are essentially two ways of doing this. First, for gauge field theories whose
equations amount to flatness conditions on a curvature along some subspace, we can de-
velop twistor descriptions encoding the equations of motions in certain holomorphic vector
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bundles. These bundles are then described in terms of holomorphic Chern-Simons theory,
which are clearly of homotopy Maurer-Cartan form. Examples for such field theories are
the (super) Yang-Mills theories and self-dual Yang-Mills theories discussed in section 4.3,
as well as the candidate (2,0)-theories mentioned in the same section.
Another possibility is to note that open and in particular closed string field theory [32]
has the homotopy Maurer-Cartan equation as equation of motion. In the derivation of
Yang-Mills theory from string field theory, one has to rewrite the Yang-Mills equations in
homotopy Maurer-Cartan form [9, 10]. Finally, one can readily guess a homotopy Maurer-
Cartan form of both the Yang-Mills equations or e.g. the equations of motion of the BLG
M2-brane models [7, 8], as done in [11]. We briefly demonstrate how this works in the case
of the six-dimensional (2, 0)-theory.
Consider a 2-term L∞-algebra g = (V
µ1→W ) with products µk, 1 ≤ k ≤ 3. We extend g
to a 3-term L∞-algebra g˜ = (F
µ1→ P µ1→ C) of g-valued functions, potentials and curvatures
as follows:
F = Ω0(R1,5,W ) ⊕ Ω1(R1,5, V ) ,
P = Ω1(R1,5,W ) ⊕ Ω2(R1,5, V ) ,
C = Ω2(R1,5,W ) ⊕ Ω3(R1,5, V ) ⊕ Ω4(R1,5,W ) ,
(6.17)
where F , P and C are the elements of degree 0, 1 and 2. All products µ˜k on g˜ involving
elements from F or C are defined to vanish, and on P we define
µ˜1(p) = ±dp∓ ∗dp+ µ1(p)− ∗µ1(p) ,
µ˜2(p1, p2) = µ2(p1, p2)− ∗µ2(p1, p2) ,
µ˜3(p1, p2, p3) = µ3(p1, p2, p3)− ∗µ3(p1, p2, p3) ,
(6.18)
where ∗ denotes the Hodge star on R1,5 with respect to the canonical volume form and
the signs in µ˜1 have to be chosen appropriately for forms p of even and odd degree. The
homotopy Maurer-Cartan equations on g˜ are equivalent to the pure gauge part of the
(2,0)-theory (6.9) and read as
F = ∗F = 0 , H = ∗H (6.19)
where F = dA + 12µ2(A,A) − µ1(B) is the fake curvature and H = dB + µ2(A,B) +
1
3!µ3(A,A,A) is the 3-form curvature.
We conclude that with the right choice of L∞-algebra, the homotopy Maurer-Cartan
equations can reproduce a wide range of physically relevant and interesting equations of
motion.
6.5. Multisymplectic solutions to L∞-algebra Chern-Simons theory
Let us now come to considering solutions to the zero-dimensional reduced higher Chern-
Simons models we constructed previously. We expect in particular that p-plectic Rn, with
the volume form as p-plectic structure, always solves a twisted form of the homotopy
Maurer-Cartan equations. As we had seen in [6], to obtain quantized R3 as a solution to a
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3-dimensional BF-theory, we needed to add a twist to the action, very similar to the case
of noncommutative Yang-Mills theory. Here, we wish to incorporate the twist involving
Lagrange multipliers, which originate from singling out a direction of the unreduced AKSZ
model. That is, we would like to obtain quantum Rn as a solution to the dimensional
reduction of (n+ 1)-dimensional higher Chern-Simons theory.
We start from a morphism of graded manifolds φ between the Graßmann algebra
R
n+1[1] with coordinates ψi and the Lie p-algebra g[1] with basis τA. We decompose
the underlying fields according to
φ =
p∑
k=1
φAi1···ik τˆAψ
i1 · · ·ψik , (6.20)
where the degree of φAi1···ik τˆA (and thus that of τˆA) is k − 1 in g. We pick the direction of
xn+1 and promote fields with components along this direction to Lagrange multipliers:
φn+1 := λ , φi(n+1) := λi , φij(n+1) := λij , . . . φi1i2···ik−1(n+1) := λi1···ik−1 . (6.21)
In terms of these, the reduced AKSZ action reads as
SAKSZ,0 = ε
j1···jn+1
(
n∑
k=1
(−1)σk
(k+1)! [µk(φ, . . . , φ)]j1···jq ,
1
(n+1−q)!φjq+1···jn+1
)
+ t
= εj1···jn
(
n+1∑
k=1
(−1)σk
(k+1)! [µk(φ, . . . , φ)]j1···jq ,
1
(n+1−q)!λjq+1···jn
)
+ t ,
(6.22)
where t is a twist to be specified later and by [µk(φ, . . . , φ)]j1···jq we mean
[µk(φ, . . . , φ)]j1···jq =
∑
l1+...+lk=q
µk(
1
l1!
φi1···il1 , . . . ,
1
lk!
φj1···jlk ) . (6.23)
Varying this action with respect to φj1···jm , we obtain the equation of motion
0 =εj1···jn+1
n∑
l1,...,lk=1
n∑
k=1
(−1)σk
(k+1)!
1
l1!
· · · 1lk! 1(n+1−q)!
[
δn+1−qp µk(φ, . . . , φ)j1···jq
+
k∑
j=1
(−1)k−j+q(p−1)+lj(lj+1+···+lk)δljp µk(φ, . . . , φ)j1···jn+1−lj
]
+ t′ ,
where t′ denotes potential contributions from the twist t. Let us start by considering the
case n = 2, for which the gauge L∞-algebra is an ordinary Lie algebra g, the field φ is
given by φ = φ1ξ
1 + φ2ξ
2 + λξ3. The equation of motion for the φ1 and φ2 read as
[φ1, φ2] = t
′
12 . (6.24)
For this equation to be solved by elements φi = x
i of the Heisenberg algebra {x1, x2} = 1
on R2, we clearly need to introduce a twist
t = (−1)
n
(n+1)!
(
ψ1 . . . ψn, λ
)
. (6.25)
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This twist turns out to be the one that works also for all higher values of n.
To find the solutions for higher n, we can proceed exactly as in the Lie 2-algebra case
discussed in [6]. In particular, we can consider p-plectic Rn, with p = n − 1 and volume
form $ = 1n!εi1···indx
i1 ∧ · · · ∧ dxin in terms of the usual Cartesian coordinates xi on Rn.
On (Rn, $), we construct the Heisenberg Lie p-algebra H•. In the basis ϑi of (6.3), we
have the non-trivial higher products
µ1 = d and µk(ϑi1 , . . . , ϑik) = (−1)σkι∂i1 · · · ι∂ik$ . (6.26)
The equations of motion then read as
(−1)σk
n! µn(φi1 , . . . , φin) =
(−1)σk
n! εi1...in ,
(−1)σk
k! µk(φi1 , . . . , φik)− 22!µ1(φi1···ik) = 0 , k < n .
(6.27)
A solution is obtained by identifying the fields φi with the elements in a basis of Hp−1:
φi := − 1p!εi j1···jpxj1dxj2 ∧ · · · ∧ dxjp , (6.28)
and other fields according to
φi1···il = (−1)σl
1
(n+ 1)!
(
p+ 1
l
)
εi1···ip+1 x
il+1dxil+2 ∧ · · · ∧ dxip+1 . (6.29)
Altogether, we can thus conclude that the expected quantization of multisymplectic Rn
comes with a Heisenberg Lie p-algebra which solves the twisted homotopy Maurer-Cartan
equations. Note that the homotopy Maurer-Cartan equations are essentially invariant
under L∞-algebra isomorphisms of the L∞-algebra under consideration. That is, even by
choosing isomorphic Heisenberg algebras, we cannot remove the twist element.
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